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Abstract
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in which the conditional joint distribution of errors given regressors is unknown. The procedure can
be used to estimate multiple conditional quantiles of the same regression relationship. The proposed
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suggest that the estimation procedure works well in practice and dominates an equation—by—equation
efficiency correction if the errors are dependent conditional on the regressors.
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1 Introduction

We propose an efficient semiparametric estimator for the multivariate linear quantile regression model in
which the conditional joint distribution of errors given regressors is unknown. The procedure can be used
to estimate multiple conditional quantiles of the same regression relationship. The proposed estimator is
asymptotically as efficient as if the conditional distribution were known. Simulation results suggest that the
estimation procedure works well in practice and dominates an equation—by—equation efficiency correction
if the errors are dependent conditional on the regressors.

The proposed method entails the nonparametric estimation of optimal instruments for a set of moment
conditions corresponding to the conditional quantiles of interest and subsequently using these estimated
optimal instruments to obtain the efficient quantile estimates. Two—step efficiency corrections like this go
back to at least Aitken (1935), but semiparametric corrections like ours have been around for a while, also.
Carroll (1982), Delgado (1992) and Robinson (1987) achieve full GLSH asymptotic efficiency by estimating
the conditional error variance function nonparametrically. Newey (1990, 1993) proposes methods for esti-
mating optimal instruments nonparametrically, thereby allowing for multivariate regressions and ones with
endogenous regressors. Pinkse (2006) introduces a method which addresses the curse of dimensionality
associated with the nonparametric estimation of functions with many arguments. Finally, Zhao (2001),
Whang (2007) and Komunjer and Vuong (2005) propose efficiency corrections for the univariate median
regression model.

The multivariate quantile regression case is of interest for applied work for several reasons. First,
even absent dependence between errors and regressors quantile regression estimators tend to have greater
asymptotic variances than mean regression oneﬁﬂ and efficiency improvements are hence more valuable.
Further, an optimal parametric correction in the mean regression model requires one to guess the correct
parametric form of the conditional variance function (matrix—valued in the multivariate case), which is
difficult since little reliable information may be available as to its shape. In the quantile case, one would
need to know the marginal conditional error densities at zero plus, in the multivariate case, the probability
for each pair of errors that both are negative, conditional on the regressors. It is even more unrealistic
for an empirical researcher to possess that much information; incorrect guesses will lead to inefficient
estimators, quite possibly to ones that have lesser asymptotic efficiency than uncorrected onesE| Unless
the errors are independent conditional on the regressors and there are no cross—equation restrictions on
the regression coefficients, multivariate efficiency corrections are moreover generally more efficient than
univariate ones. Finally, with quantile estimation it is possible to estimate multiple quantiles of the same
regression relationship (i.e. the same dependent variable and the same regressors) simultaneously, which
would imply strong dependence between the corresponding errors and hence more scope for efficiency

!Generalized Least Squares

2The asymptotic relative efficiency for a median regression estimator versus a median regression estimator for a model
with normally distributed errors is 2/7. Please note that median and mean regression estimators typically estimate different
coefficients.

3In the univariate case it can be reasonable to assume that errors factor as the product of a function of regressors and some
error independent of the regressors, see e.g. Koenker (2005), section 5.3.2, and Koenker and Zhao (1994).
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improvements.

Like all of the above semiparametric estimators ours relies on the availability of a \/n—consistent first
round estimator; a natural choice is the standard quantile regression estimator. A problem with such a
two—step procedure is that the first round estimation error, while asymptotically absent, can be such that
correction is not worthwhile in small samples. This is especially true when the number of regressors is large
due to the fact that nonparametric estimators of high—dimensional functions are notoriously inaccurate.
Please note however, that our correction does not require (nor do we establish) pointwise consistent esti-
mation of the optimal instruments and since the uncorrected estimates are special cases of the correction
procedure for particular values of the input parameters of the semiparametric procedure, the semipara-
metric procedure is in principle never worse irrespective of the sample size. Please note, however, that we
offer no procedure for the optimal selection of the input parameters; our simulation results indicate that
the performance is comparatively insensitive to their choice.

This paper contains several theoretical innovations. While Newey (1990, 1993) allows for multiple equa-
tions to be estimated jointly, his results do not cover the current case because of the nondifferentiability of
the optimal instruments. Zhao (2001), Whang (2007) and Komunjer and Vuong (2005) propose estimators
for the single equation case. In the single equation case the nuisance function is just conditional error
density at zero instead of the product of a matrix and the inverse of another matrix, as is the case here.
Whang (2007) and Komunjer and Vuong (2007) achieve the semiparametric efficiency bound (the latter
for time series) by optimizing an objective function involving a series expansion of the nuisance function;
the nondifferentiability problems we solve do not arise then.

Our paper is closer to Zhao (2001) in that we use a nonparametric plugin estimator. The nondifferen-
tiability issue is only partly addressed by Zhao (2001); Zhao’s results rely on sample splitting. He requires
that the first step estimator used to estimate the weights for half the observations is computed using only
the other half and vice versa. Although sample splitting does not affect the asymptotic efficiency it is likely
to have an effect in samples of finite size and is more cumbersome. Our results obviate the need for sample
splitting with Zhao’s (2001) estimator, also, since his estimation problem is a special case of ours.

The new proof (contained in the last two lemmas of Appendix [C|and using of Appendix |A]) entails
ratcheting up of the established uniform convergence rate of the feasible estimator of the moment condition
and the feasible estimator of the parameter vector of interest alternately. This method of proof has uses
that go well beyond the particular problem at hand or indeed differentiability problems or ones involving
nonparametric estimation.

To compute our estimates we use a procedure which involves a standard linear programming problem
followed by one or more Newton steps. The procedure is guaranteed to yield estimates satisfying our
constraints — we prove this — and does so fast; computing the nonparametric weights takes the most
time. The reason that computation here is simple, in contrast to e.g. Chernozhukov and Hansen’s (2006)
estimator, is that we have an initial easily computable y/n—consistent but inefficient estimator at our
disposal, namely the standard least absolute deviations estimator. The Matlab code is available from the
authors on request.

The outline of the paper is as follows. In section [2| we introduce the setup and define our estimator.
Section [3| contains the theoretical results for our estimator, whose computation and performance are studied
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in sections [4 and [ respectively. Section [6] concludes.

2 Model and Estimator

Let {y;, X;} be an i.i.d. sequence for which
Qyi| X;) = X[y as., i=1,...,n, (1)
or equivalently,
Yi :Xz/90+uz7 Q(U’L|Xl) =0 a.s., @ = 17"'an> (2)

where y; € R?, X; € RE*? and @Q denotes the vector of quantiles of interest.
The formulations in and allow for several possibilities. The restriction that the regression
coefficients are the same in all regression equations is not restrictive because we can make the choices

Tl 001
Xi = . 3 00 = )
Tiq Boa
resulting in
yijzngeoj—i—uij, i=1,....,n; 7=1,...,d. (3)

So allows for arbitrary amounts of overlap between the vectors of regression coefficients across equations.
An assumption implicit in is that the regressors in equation ¢ do not enter the conditional quantile
function in equation j # ¢ insofar the two regressor vectors do not overlap. This is where part of the
efficiency gain originates; it is akin to an orthogonality condition between regressors and errors across
equations in the mean regression caseﬁ It is possible to choose yi; = yir, xij = wi¢, j # £, for all i in if
different regression quantiles of the same regression relationship are desired. Assuming multiple quantiles
of the same relationship to all be linear, however, imposes strong restrictions on the types of dependence
between errors and regressors that can be accomodated and a procedure that exploits such restrictions will
likely work better in practice than the more general procedure proposed here; a more fruitful avenue would
be to estimate the median and mean jointly, a possibility not covered by our results.

We now formulate an infeasible efficient estimation procedure for 6y. Let s;(0) = I(y; < X[0) — 7,
where 7 is the vector indicating which quantiles are desired (a vector with values 0.5 in case of the median)
and I is the indicator function, where for any v € R%  I(v) = [I(v1),...,I(vg,)]’. Then the conditional
moment condition is (s; = s;(6p))

E(si|X;) =0 as..

The corresponding optimal unconditional moment conditions are

E(Ais;) =0, (4)

Tt is possible to obtain efficiency improvements when the conditional quantiles do not depend on some but not all of the
regressors in another equation; this possibility can be accomodated in our setup by a judicious choice of y and X.
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where A; = Sngl with

Si=FX;, Fi= . T = E(sis]Xa). (5)

The asymptotic variance of an infeasible estimator 61 based on will later be shown to be V! with
V = E(Ays181A)) = BE(S{T ' SY). (6)

The proposed procedure yields a natural efficiency improvement over equation—by—equation estimation
when there is overlap between the regression coefficients across equations. Absent such overlap, the asymp-
totic variance of 01, the infeasible estimator of the first subvector 6y, is for d = 2 equal to

. -1
Vi = (E[tzll A2xaxiv] — B[t fi fora i { B fhronl,) } E[tszﬂfnﬂ?iﬂh]) ;

where fi; = fu,;x,(0) and tze is the (7, ¢)—element of

1 t: —t: ts t:
T;—l — 5 |: 122 112 :| : Tz _ [ 111 112 :| )
tintioz — t5o | —tiiz i titz  tio2

The corresponding asymptotic variances for the inefficient and efficient single equation estimators are

Vs = n1(1 =) (Elfazah))  E@azh) (E(fazaz))) ™", Vem =11 —n)(Elfazaz]) ",

where fil = fuillxn (0). Tt is necessarily true that Vi3 < Vgg1 < Vgr1; we now discuss when they are equal.
When fﬂ does not depend on x;1, Vg1 = Vsp1; otherwise equality only occurs in exceptional cases.

Using information from different equations is useful because one can exploit (i) the information that
regressors in equation 2 do not impact the conditional quantile of equation 1 and (ii) the fact that u;
and wu;2 are not necessarily independent conditional on X;. Consideration (i) can be accomodated in the
single equation case (as in Zhao (2001)) by extending the conditioning set to regressors outside of the
equation being estimated; in the multivariate case the conditioning vector can likewise be extended (and
the efficiency thereby improved) by including variables from outside the system. But (ii) cannot be used
in the single equation setup.

So even if the regressors in both equations are the same and f;; = fi1, there is still an efficiency gain
from our method unless u;1,u;2 are independent conditional on XZ-,E| in which case t,L12 = tj12 = 0, or if
u;1, u;2 do not depend on X;. Conversely, even if u;1,u;o are independent of X; there is still an efficiency
gain unless x;1 = ;0. All of this is similar to a SUR model with random regressors where no efficiency gain
obtains from joint estimation if the errors are uncorrelated conditional on the regressors or if the regressors

Or more precisely: if I(u;1 < 0) and I(u;z < 0) are independent conditional on X;.
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are identical and independent of the errorsﬁ Table |1 in the appendix contains the full details of when
efficiency improvements obtain for the various estimators.

If the errors are known to be independent of the regressors, then no nonparametric correction is needed
since only the joint distribution of I(u;; < 0) with I(u;; < 0) for all j, ¢ is needed, and this distribution
entails only d(d — 1)/2 unknowns. The types of dependence between errors and regressors that lead to
efficiency improvements is different from the mean regression case. In the mean regression case efficiency
improvements obtain only if ¥(X;) = V(u;|X;) varies with X; whereas in the quantile regression case
improvements obtain if the conditional error densities at zero vary with X; or if P(uij < 0,uyr < 01X;)
varies with X; for some j, ¢. Neither situation implies the other, except in special models like

U; = (Z(Xi))lﬂei, (7)

where the elements of e; are independent with unit variances and ¥; = 3(X;) is some positive definite
matrix. The problem with is that quantiles are generally not invariant to linear transformations, e.g.
Med(a + b) # Med(a) + Med(b). If the e;’s are mean zero normal, however, then so are the u;’s and their
conditional median is Zero With , fus1x:(0) = fe,(0)/+/[%;] and hence varies with X; unless ¥; is
constant.

We now proceed with the formulation of our estimators. We begin with the infeasible estimator 6;
which is defined as any estimator satisfying

~

ma(0r) = op(n~Y?),  where m, () = n~! ZAisi(H). (8)
i=1

We do not set m,, equal to zero in because no value of  may exist that satisfies m, () = 0 since s;
involves an indicator function. m,, converges to m with

m(f) = E[A151(0)].

él is infeasible since the A;’s in are unknown. We will estimate them and using their estimates flz we

can define 0 as any value satisfying
i (0) = 0p(n"1/2),  where 1, (8) = n 'S Aysy(6). 9)
i=1

The only remaining question is how to estimate A;. Let 6 be any /n—consistent first stage estimator of
Ao, e.g. based on single equation quantile estimation. We estimate T, S; separately using KNN estimators

n n
T -1 a4l Q -1 n /
T;=n E wij8;85,  Si=n § wij F5 X, (10)
Jj=1 Jj=1

5In the classical SUR model errors are assumed independent of the regressors, in which case no efficiency gain arises when
the regressors are identical or the errors are uncorrelated.

"This holds for any class of multivariate distributions that is closed to linear transformations and which are element-wise
even.
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where §; = I(u; <0)—r, F, = diag([(\ﬁﬂ < ﬁnb)/(Zﬁn)) with ¢ a vector of ones, 83, a bandwidth parameter,
U = y; — Xl’é and w;; a KNN Weight setting A; = .SA’Z’TZ_I

The KNN weights are all nonnegative and w;; is positive only if observation is among observation i
kp closest neighbors in terms of the distance between X; and Xj; ties only occur when all regressors are
discrete and can be resolved by randomizing among the tying observations. The only other constraints
we impose are upper and lower bounds to their values and conditions on the rate at which the number of

neighbors should increase.

3 Results

We now discuss our main result, formulated inD, which shows that the feasible estimator § has a limiting
normal distribution with variance V=!. For our main result, we need the following assumptionsﬂ

A1 6y is an interior point of the compact parameter space ©.
A2 For some Cp > 0, P()\min(Tl) > C’T) =1.
A3 E(X1X])>0.

A4 For some 0 < Cy < o0, and all j =1,...,d, P(fu1j|X1(0) > 1/Cf) > 0, P(fulj\Xl(O) < Cy) =1,
P(Supt‘f;1j|X1(t)} < Cf) =1 and P(SuPt’fq;/lﬂXl(t)‘ < C'f) =1.

A5 V€ ©:m(0) =0« 6 =0
A6 The weights w;j are nonnegative and all k, nonzero weights take values in the range [1/(Cyky); Cw/kn].

AT Let for any p > 0, Cupr = n/Po=12 L Pk M2 and g = nl/Peky 2 EN/Pe Tl 4 pl/pe g2 4 /2818,
Then for some p < oo, \/ﬁCng — 0, V/nGuprnps — 0 and ky/n — 0, as n — oo.

and are standard. essentially says that Corr[/(u;; < 0),I(uz2 < 0)|X;] should be a.s. bounded
away from =+1; this is reasonable and similar to a condition used in Pinkse (2006). The assumption
that the conditional error densities have two uniformly bounded derivatives excludes distributions like the
Laplace distribution, but is otherwise reasonable within the context of nonparametric estimationm The
assumption that the conditional densities at zero are bounded away from zero with positive probability
is needed for the invertibility of V. Further, [Af] is not a restriction on the model, but rather on how to
choose the nearest neighbor weights and is hence innocuous.

8See Newey and Powell (1990) for a similar use of F}.

9We have not separated the assumptions by theorem since we are mostly concerned with D

10The Laplace distribution could be accomodated since its density has bounded first left and right derivatives at zero, but
this would come at the expense of longer proofs, stronger conditions on the value of p, and more restrictive choices of {ky}.
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That leaves and is not primitive. It is a necessary and sufficient condition to ensure
identification. In the univariate case [A5]is implied by and but we have failed to find a natural
and primitive sufficient condition in the multivariate case. Finally, [A7] deals with the rate at which &,
increases. As long as a sequence exists that satisfies the restrictions, is merely a prescription on how to
choose k,,. M is for instance satisfied when p, = 6, 8, ~ kn, 8/17 and k, ~ n3%/36_ Tt can be shown that
can only be satisfied for values of p, greater than 3++/8. However, if an expansion taken in and J in
the appendix is taken beyond the second order the requirements would improve but would never be better
than \/ﬁcng — 0, \/EQZ;%CHPS — 0 where o denotes the order of the expansion. Since with cross—sectional
data fat regressor tails are rarely an issue and the extension would merely involve a repetition of the same
arguments, we have omitted it in the interest of brevity.

The assumptions above are stronger than those required for Zhao’s (2001) estimator for several reasons.
First, the model is more general; the above conditions would be weaker in the single—equation case or if
the T;—matrices are known. We need some further conditions to avoid his sample splitting procedure.

We now state our theorems.

For any estimator 0 satisfying (@), 0 2 0,.
For any estimator 0 satisfying (@, v — 6p) -, N0, V1.

For any estimator 0 satisfying @), \/ﬁ(é —6p) LA N(0,V~h.

For the purpose of hypothesis testing the matrix V needs to be estimated. The assumptions made are
amply sufficient to guarantee convergence of our estimator V' of V.

V =n! Z?:l AZS’Z EN V.

4 Computation

The computation of estimates 6 that satisfy (@) is straightforward. We are helped by the availability of a
\/n—consistent inefficient estimator = é(o), which is absent in the much harder procedure for computing
quantile instrumental variables estimates; see Chernozhukov and Hansen (2006). We use the well-known
procedure of taking one or more Newton steps in the direction of the ‘minimum,” where the objective
function is given by ||r,|| and the ‘gradient’ and ‘Hessian’ by i, and V. So

Oy = 00y — V1 (00))112n (00,

satisfies @), but we use a general Newtonian optimization procedure with starting value é(o); doing so will
necessarily give an |[7,|| value no worse than Hmn(é(l))n and hence also satisfies ((9)).

The only complication is that m, is nondifferentiable, but all fundamental results to deal with the
nondifferentiability issue were established in the proofs to earlier theorems.

é(l) solves (@
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5 Simulations

6 Conclusions



SJJJP060920

Appendices

A Infeasible Estimator

Proof of [T} Consider the following class of functions:
d
F = {C,Alsl(e) = ZC,AUSU(Q) :0 €O C RD},
j=1

where ¢ = [c1, ¢2, ..., cd]/ is an arbitrary vector and Ay; is the jth column vector of A;. Since G; = {1(y1j <
X{jﬂ) : § € © C RP} is a Vapnik Cervonenkis subgraph class (or simply VC class) it follows that
F; ={cA1;51;(0) : 6 € © C RP} is also a VC class by lemma 2.6.18 of van der Vaart and Wellner (1996).
Since a VC class is Euclidean for every envelope function (Pakes and Pollard (PP), 1989, lemma 2.12),
we know that F; is Euclidean with envelope function £ = ¢’ Ay;. Therefore, by lemma 2.14 of PP, F is
Euclidean with envelope function £ = Z;‘:l ;. Since E(&) < oo by |A3|and it follows from lemma 2.8
of PP that

sup|c'my (0) — ¢'m(6)] = op(1).

0cO

Since c is arbitrary, we have supgeg ||mn(6) — m(6)|| = 0p(1). Now, by the triangle inequality
[m(@n)l] < llma (@)l + [[m(8) = ma(O)]| = 0p(n~ /%) + 0p(1) = 0(1).

Hence, by assumptions and O — 0 = op(1). W

L1 For any positive sequence {r,} and a consistent estimator 0,, my(6y,) = op(ry) implies |0, — || =
Op(n™17%) + 0y ().
Proof: Let {d,} be a sequence such that P(||6,, — 6o|| > 6,) = o(1). Then, recalling that A4;s;(6) is VC,

triangle
m@n)l] < [lmn(0n) —m(0n)|] + [[ma(0n)]] S sup  [|mn(0) — m(0)[| + op(rn)
[|0—60||<dn
< sup  |[[mp(8) = m(6) — mn(bo) +m(6o)|| + |[mn(0o)]| + 0p(ry)
[|6—60]|<n
= op(n™V2) + O™ V) - 0y(ra). (1)
and [A4] imply that

m(0) = V(0 — o) + o(||6 — o). (12)

Hence
Amin (V)0 — Oo[| < [[V(0n — 00)[| < [[m(6n)]] + 0p([|0n — 00)]],

'1See problem 14 on page 152 of van der Vaart and Wellner (1996).

10
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which, together with the consistency of 6,,, implies that
(Amin(V) = 0p(1)) [16 = bol| < [[m(6,)]| = Op(n~"/?) + 0p(rp).

Since V' is positive definite, ||6,, — 6o|| = Op(n="/2) + 0,(r,). W

Proof of I:l: First, recall that F is a Euclidean class with envelope function £ = 2?21 &= 2?21 d Ay

Note also that E(£?) = CI{Z?ﬂ S E(AjAL) }e < oo. Therefore, it follows from lemma 2.17 of PP
that

sup  [VA(ma(8) — ¢m(6)) — vl mn(f) — ¢m(60))] = o0p(1)
[|0—00]|<0n
for any sequence {6, } with d,, = o(1). Since c is arbitrary, it implies that

sup | [V(ma(8) — m(8)) — Vn(ma(6o) — m(60))|| = 0p(1)

[160—00||<dn

The asserted result now follows from theorem 3.3 of PP. Specifically, note that by lemma 0 — 0y =
O,(n~1/?). Using derivations similar to those in and we have

op(n—1/2) — ’I?’Ln(é[) = (mn(éj) - m(él) — myu(6p) + m(@o)) + m(él) + mn(6p)
= 0,(n"V2) + V(B; — 60) + 0,(nY2) + mp(60) = mn(b0) + V(01 — b0) + 0,(n/?).

Hence since E(A;s1814)) = E(AiT1A)) = E(AlFlTl_lFlA’l) =V >0,

Vil — 00) = =V /amn(00) + 0p(1) % N(0,V).

B Nonparametric Approximation

In addition to Ti, T, Ai, S; we define
n n n n
Ty =) wisish, Tr=> wyTy, Si=> wyF;Xj, Si=> wyS;,
=1 =1 j=1 =1

where Fj = diag(1(|ujt| < ﬁn))/@ﬁn)

11
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B.1 Lemmas showing that max;||A; — 4;|| = 0,(1).
Note that

S = 8) — ATy — T (T, + (17 = T;7Y)

1

= ((Si=8) + (8= S) = A((H =T+ (L = 1) ) (T + (T = T7H). (19)

|
2
=
3

\
N

We deal with the uniform convergence of the differences in turn and then find a bound on the growth of
A;.

B.1.1 T,—T;
L2 3e>0:Vn: P(mini Amin(T}) < 6) =0.
Proof:
P(min Amin(T}) < 6) < P(mjn Amin(T3) < 6) =0,
by [A2] m

L3 For anyp > 2 for which E(Rn;|X;) = 0 a.s. and limsup E||Ry| [P < 0o, E|| 3271 wijRnjl|[P = O(k;p/Q).
Proof: This is a special case of Pinkse (2006), L3, which was inspired by Robinson (1987), lemma ?77.
[ |

L4 For any {&ni} for which E||&n||P < oo for all i,n and any € > 0,
n
P(max [|&ull = €) < 6_1";1}?|l§m|lp-
=

Proof: The LHS is bounded by > P(||&n:|| > €) which is bounded by the RHS by the Markov inequality.
]

L5 For any p > 2 for which E(Rpi|X;) = 0 a.s. and limsup E[|Ry[|P < oo, max; |[ 3 7 wijRyjl| =
O, (n'/Pk;, /).
Proof: Take &,; = n_l/pk}l/z Zj w;jR; in |L4| to obtain

7

P(max”nil/pk%/Qz:winjH > 6) < nilkflme*pZEHZwinij L3 oL)e? — 0,
j=1 i=1  j=1

ase—oo0. W

L6 For all values of p > 2, max; ||T; — T;|| = Op(k:ﬁlmnl/p).
Proof: Use[L5| with R; = s;s, — 7;. B

12
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B.1.2 T,—-T;
We will make frequent use of the inequality
118585 — 58511 < 1185 — 55117 + (15511 - 1185 — 5511 < Call3; — 551l (14)

which holds for some 0 < Cs < oo since both s; and 5; are vectors of zeroes and ones. We will also make
multiple use of the inequality

18 = sill = |1 (u; < X5(8 — 0)) = I(u; < 0)|| < [[1(|us] <111l - 118 — bolle)] |
< [ (lul < 11Xl lrme) [| + 20110 = Ool| > 70) = llejr, || + I(116 — bol| > ), (15)
which holds for any sequence {r,}.

L7 For some C >0 and any r > 0, E(||air|| | X;) < Cl|X;]|r a.s.
Proof: Note that

!
0 < Eeirj| Xi) = Puij| < rl|Xall [Xi) = Fu,jx, (rl|Xil ) = Fuyyx, (<[ Xill) < 20| Xillr.

L8 For any p > 0, max; HT, — TZH = Op(Cpr)-
Proof: First,

CoUIE ~ T = ¢ szms“ s4)]| 2 wausj sill

SZwij(llajrnll—E(IlajrnHIX +Zwu (levjr, [11X5) + 1(10 = 6ol| > 70).  (16)

Take 7, = 1/(y/n — logn). Since e~'/* is an increasing function of ¢ and for arbitrary positive a,b I(a >
b) < g(a)/g(b) for any increasing function g,

I(116 = bol| > r) < /e /10=00ll = O, (/72 =VT) = O (718 ™) = O, (n 7). (17)
For the second RHS term in , note that
maxZwU (e |1 1X;) < Carn maxwaHX | < Carn max|[1X; 120, (rynl/Pe) = 0, (nl/P+=1/2),

7j=1
Fmally, noting that the ||y, ||’s are uniformly bounded, [L5| implies that for any p > 0,

max| | wy ([lage, || = B(llage, || 1X,)) | = Opln 7k 1/2),
j=1

which takes care of the first RHS term in . [ |

L9 For any p > 0, max; ||T,* = T, Y| = Op(Cupr)-
Proof:  Since T[l = Tfl(I + (T} — Ti)Tfl)_l, the result follows from lemmas and |

13
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B.1.3 S-S,

L10 max;||S;|| = O,(n'/P+) and max; || A;|| = Op(n'/P=).
Proof: Note that for some 0 < C < oo,

_ _ _— _ A4 a 1/
max || 4[| < max [[S;| max ||| < Cmax||S;]] < Cmax||Si|| < CCrmax || X;[[ = Op(n /7). W
(2 3 K3 K3 7 K3

L11 max; [|S; — Sif| = Op (/e (ki V25871 4 32)).
Proof: Note that

Zwm E(F;|1X;)) X + wa (Fj|1X;) — F}) X (18)
7=1

Take R,; = }L_l/p”” (Fj — E(Fj]Xj))XJ’» in to obtain the rate Op(nl/pzkﬁlmﬂ,l/p’“’_l) for the first RHS
term in . For the second RHS term note that by the mean value theorem for all t =1,...,d,

3 ne i
|| E(E) X5) = Ful| = 1|67 8250, 1x, ()] < 6710187 (19)
Hence the second RHS term in is bounded by
n
671032 max Y w1 G| < 671Cp 52 ma || X,l| = Oy(n/7752). W
j=1

B.14 SZ — SZ

L12 max; ng — S’z” = Op(nl/Qijlﬂgl).
Proof: Letr, =1/(y/n—logn). Now,

max||S; — S| = max ||S; — Sil|L(||6 — 6ol| < ry) +max|[S; — S;[|Z(10 — bol| > rn)- (20)

By I(|16 — 6o]] > ) = Op(n~1), such that the second RHS term in converges faster than the
first. Now the first RHS term in . Using the inequality (for generic a, b, t)

[I(Ja] <t)—I(]b] <t)| <I(|b] <t+|a—b])—I(]b] <t—|a—b]),
it follows that

155 = 2010 = 8ol < 7)< || (fug] < (B + 1 l1r)0) = (Jg] < (B =rall X100 [- - (20)

14
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and hence

n
max|[; = S0 — Boll < o) < max S wigl| X1 - 15 — B
j=1

I{ug| < (B + 1X117a)e) = L] < (B0 = rallX;11)0) |

n
< g max || X ]| m?XZ Wij
j=1

= Gl S [Fusl < B+ rallX5110) — Il < (B = rallX5110) |- (22)

j=1
Since for allt =1,...,d,
B (1l < Bartral X510) =T (el < Gural XG10)IX5) = Fai, Bt rall X 1D =Fo e, (Ba—ral 1 X511)
= Suzolx; OINXllrn < Cpra| | X5], - (23)
the unconditional expectation of is bounded by
dCwCro(knBn) ™ Y BlIX;]1* = O(nrn(knBn) ") = Ok, '8, 1). W
j=1

L13 max; ||A; — 4| = 0,(1).
Proof: Using IL10} [L11] and |L12]in yields

Ai — Az = Op((nl/ngin + CnpS)(l + CHPT) = Op(1)7

by [A7] B

Observe that

n n

V(i (o) — mn(00)) =n=2> (A — Aj)s; = n7 V2 (A - Ay)si + 02 zn:(Ai — A)si. (24)
=1

i=1 =1

15
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We use the expansion in to deal with the first RHS term and show the following results.

n~1/2 ZA — T)T; s; = op(1), (25)
—1/2ZA (T — T))T; s = 0p(1), (26)
n~1/? Z Si — ST s = 0,(1), (27)
n—mi(l ST s = 0,(1) (2%)

=1
W2 AT - DT - T = 0y(1), (29)

=1
PSS - S T = op(1), (30)
=1
S s = 0y(1) (31)
=1

B.2.1 ([25)
L14 Let {&} be an i.i.d. random sequence for which E(&|X) =0 a.s. and ess sup(||&]|) < 1. Then

n
maX) ‘Z wij&i
7N
Proof: Let ¢, = Cy/3nlogn/k,. Then

The second RHS term in is bounded by I(Cy,/k, > €,), which equals zero for sufficiently large n. We
now deal with the first RHS term in . By the Hoeffding inequalitym noting that ||w;;&|| < Cy/ky, for

= op(y/nlogn/ky,)

> 2en) < P<m]aXHZ wii&i|| > en> + P(mjax [|w;;&;|| > en). (32)
i#]

12The Hoeffding inequality says that if {u:} is an independent sequence of mean zero random variables taking values on
[ai, bi], then P(|| 35, pill > €n) < exp[—265/ 307, (bi — ai)?].

16
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all i, .,

P(mjax‘ ’Z wwéz
7]

n

> ﬁn\Xj7§j> < ZP(HZ%‘&

< ZGXP< on C’2> =nexp(— (3/2)logn) = n 2 =0(1). |

> €n|Xj7§j)

L15 Let {&} be as in and let &, = Z,i(X)&;, where for some p= > 0, limsup E||Z,;(X)||P= < oco.
Then .
mjﬁtXHZ Wij&ni
=1

Proof: Let ¢ = n'/P=\/logn, €, = v3C,n'/P=T1/21logn/k, and &, = &nil (||Eni(X)|| <€) /€. Then

n
P<maXH§ wijni
J =1

= 0p (nl/pEH/Qk‘;l logn).

> 26,) = P(max] !iwm (exi + Gl (I (X)]| > )] = 260)
i=1

n
<PrP (maX‘ )Z Wij&ng
J X
=1

The second RHS term in is by bounded by

> 22:) + P(m?x 1 (X)|| > e;;). (33)

)72 El|ZwllP= = O((logn) /%) = o(1).
i=1

The first RHS term in is also o(1) because ess sup ||£*;|| < 1 by construction and since

p=+2

€n _ V3Cy,n = logn/k, C’w\/3nlogn
e nl/r=\/logn kn, 7

can be applied. Wl
L16 n~ Y23, AT, — T)T, 's; = 0,(1).
Proof: The LHS is

H 71/2221‘}11 (855 ] SjSS)Tflsi ZHSJ S5 =5 ]H x op(n Ypef M logn)

7j=11i=1 7=1

C13
<

ZHS]—SJHXO( Urep—llogn). (34)

17
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Set r,, = 1/(y/n — logn). Now,

D113 = sl < > (ller | = Ellagr, |11X)) + > E(llajr, [|1X) + (110 = boll > ra).  (35)
j=1

j=1 7j=1

INZ

The third RHS term is O,(1) by and the second RHS term is by [L7| bounded by Cqrn 3 7, ||X;|| =
Op(nry) = Op(nl/z). Squaring the first RHS term and taking its expectation yields

19vi]
2
ZE llogr, Il = E(ler, || 1X))™ < Crrn = O(nurn).

Hence the RHS in (35 D 1s Op( ,/m"n + Op( Op(1) = Op(y/n), which implies that the RHS in is
0p(n'/P=t1/2kVogn) = o0,(1

B.2.2

L17 Let &nij = &n(uiyuj; X) be such that E(Enijlui, X) = E(Enijluj, X) = 0 a.s. for alli, j and max; j E|[&])* =

O(1). Then n~1 >oij=1 Wijbnij = Op(k,h).
Proof: Square the LHS and take the expectation to obtain

n
]
n %y (E(W%llﬁnij||2)+E(wz‘jwjz‘§§nj€njz‘)) < 203k,? H;ﬁ;xEHﬁijQ =O0(k,?). ®
ij=1 ’

L18 n~ V230 Ay(T; — T))T; 'si = 0p(1).
Proof: In take &nij = Ai(s;s’ i T;)T; 'si to obtain a convergence rate of Op,(n'/?k; 1) = 0,(1). W

B.2.3 and @

L19 n_l/QZ (Si — Si)T; s = 0,(1).
Proof: The norm of the LHS is

n n
w2 S = B Y w T s
j=1 i=1

o

n
sif| Y I1E) = Fyll > 1]
=1

LI - ~ s -
=10, (k, " Vlogn) Y || Fj = Fyl| x || X;]-
j=1

18
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Let (as in|L12)) r,, = 1/(y/n — logn). Then
n 5 R n 5 R
ZHF Fil| < |1X;11 = ZHFJ = F5|I < || XGI(110 = 6ol| < ) + Y 155 = Eyl[  [|X5111(]10 = 6ol| > )
j=1 j=1

n
17) ~ ~ A A ~ _
O S 18, — Byl x 1516 = 6oll < r) + 311 = Byl x 1,1 x Opfn).

=1 i=1
Finally,
Viogn e |, ~ A .. C drm/logn vnlogn
SO IVE; = Byl < XG0 = ol <) < IS8R D oIKIF = 0 () = ol
=1 n~n _ nMon
by[AT, =
L20 n~ Y230 (S — S)'T; = o0p(1).
Proof: The LHS is
n~1/? Z wij (Fj — BE(Fj|X;)) X[T; s +n /2 Z E(Fj|X;) — Fj) X[T; 's;. (36)
7.7 1 ,j 1

The first RHS term is Op(nl/zﬂﬁlmk;l) = 0p(1) by The norm of the second RHS term is bounded
by

ZwUHEFLX Fy)|| = |1X;51]

14
S

/2 max‘ ‘Z wij
J i=1
Op(kglx/log 61067 Y |I1X1| = Op(nky, " 57 /log n) = 0,(1),

J

by [A7]
B.2.4 and

L21 n =230 AT = T)(T7 = T )si = 0p(1).
Proof: Note that

)

| —V?ZA (T = T (@~ T Y)ss

< [T, ~ T %
K3

T =T | x n 2 1A x ]sil| = Op(VnGhyr) = op(1),
=1
by [C8] [C9) and A7, M

19
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L22 n~ V230 (Si = 8,) (T, =T, )si = 0p(1).
Proof: Use a similar inequality to the one used in to obtain a rate of n'/ 2§npSCin =o(1) by [ |

B.2.5 (31)

L23 EH/L - AZHQ = 0(1)
Proof: The square of the LHS is bounded by

C(BIAIIBIT, - T[* + (BIIS: - Sil[%)?) = o(1),
by theorem 1 of Stone (1977). M

L24 n_1/2 Z?:l([ll — Az)sz = Op(l).

Proof:
L 2 _
E‘ ‘n_1/2 S (A - A)sil| < BIIA - 42 = o1),
i=1
by [L23] =

L25 11,(00) — mn(60) = 0p(n=1/2).
Proof: Using the expansion in and (28)—(B1)), the stated result follows from lemmas
[L20] [£21} [L22] and [C24] W

C Feasible Estimator

L26 There exists a positive sequence {p1,} with pi, = o(1) such that for any positive sequence {ry},

n! i1 1 A; = Al [evr, || = op(Tniiin)- B
Proof: Let uy, be such that u1, = o(1) and E||A4; — A;||*> = o(u3,,); such uy, exist by lemma Now,

ngvarz C"rn\/E(HA’L _ AZHZ) E||Xz||2 = O(Tnuln). [ |

_ [C7 _ Scl
B(||A; = Aill [leur, |l) < CraB (|| A — Ail| 11X3]])

Let ©, ={0 € ©: |0 — 6p|| < r}.
L27 There exists a positive sequence {p,} with p, = o(1) such that for any positive sequence {ry},

sup [l (6) = ma(O)]] = 0p(raptn +n~72).
€0,

20
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Proof: First note that

triangle
S ([ (6) =ma@)| < sup i (0) = ma(6) =11 (0) + ma(60)[] + |lritn(B0) = mn (B0}l
S ™ € ™n

noo
< Sup nUY T NA = Adll []si(0) — si(00)]] + op(n~1/?)
™ =1

n
<n7t Y 1A= Al e, ||+ 0p(n™12),
=1

Now, let pg, be such that max; HAZ — A;l| = op(pan) and pon, = o(1); such pay, exist by Then by the
triangle inequality,

n n n
n=t YA — Adll e, || <07t (1A= Al e, || 070 ) 1A = Adl] Her, |
i=1 =1 i=1

n n
o _ - [CALT3C
< max ||4;—Ay|n B e, ™D A=Al i, || == 0p(1120) Op(ra) +0p(11n7n) = 0p ((H1n+H2n)n),
=1 =1

Take py = p1n + pon,. M

L28 my(0) = op(n1/2).
Proof:  Let {1} be such that || — 6o|| = O,(1,) but ||6 — bo|| # 0,(¢n). Let py be as in [L27 Then
for v, = 1/ \/lin, we have

@S (@)~ @)+ @) < Sup. [0 (6) =1 (0)] +op (™) O (i) +0p (0 12).

™

So by Hé — 0o|| = 0, (1) + Op(n~1/2). Hence 1, ~ n~'/2. Apply [L27| with 7, = n~1/2. W

Proof of|:|: By [L2§] 0 satisfies @} |

D Covariance Matrix Estimation

Let V=n"! Z?:l Azgz

L29 V -V =o,(1).
Proof: Using the expansion

the stated result follows from [L11] [C12] and [CT13] M
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L30 V —V =o0,(1).
Proof: Using a similar expansion to the one in we have

|

< B(|14; = Al < 11Si = Sill) + E(14: < 18 = Sill) + B(I14; — il < |15:]1)

Schwarz

<" VEIA - AlR\ENS: - S+ VEIAIREIIS: - Sill2 + /Bl A - Al PVETSP.

Apply theorem 1 of Stone (1977) and the fact that E||4;]|?, E||S;||> < oo by assumption. W

E|[V = V|| = B||n™ Y (4:8; - 45)
i=1

Proof of [T4: Combine the previous two lemmas. Bl

E Computation

Proof of I:I: By and D it follows that 9(1) = Op(n~'/?). Hence by mn(é(j)) —mu(0(;) =
op(n~1/2) for j = 0,1. Because {A;s;} is a VC class (see (1)), it follows that

[[mn(81)) = ma(Bi0)) = m(Bay) +m(bo))|| = 0p(n~?).

Since m(0(1)) — m(f0)) = V() — Oy) + 0p(n /) (see (12)), it follows that

A~

M (0(1)) = M (0(0)) = ma(0(1)) — mn(00)) + 0p(n~"?) = m(63)) — m(f))
= V(0) — b)) + 0p(n™1?) = =VV (B0 )nn(00)) + 0p(n~"?)

+ 0y(n"Y?)
m . 5 _
= —1in(0(0)) + 0p(n/?).

So mn(é(l)) = 0p(n"1/?) and @) is satisfied. W

22



SJJJP060920

References Cited

Aitken, Alexander C. (1935) “On least squares and linear combination of observations,” Proceedings of the
Royal Society of Edinburgh 55, 42—48.

Carroll, Raymond J. (1982) “Adapting for heteroscedasticity in linear models,” Annals of Statistics 10,
1224-1233.

Chernozhukov, Victor and Christian Hansen (2006) “Instrumental quantile regression inference for struc-
tural and treatment effect models,” Journal of Econometrics 132, 491-525.

Delgado, Miguel (1992) “Semiparametric generalized least squares estimation in the multivariate nonlinear
regression model,” Econometric Theory 8, 203-222.

Koenker, Roger (2005) “Quantile regression,” Cambridge University Press (New York).

Koenker, Roger and Quanshui Zhao (1994) “L-estimation for linear heteroscedastic models,” Journal of
Nonparametric Statistics 3, 223-235.

Newey, Whitney K. (1990) “Efficient instrumental variables estimation of nonlinear models,” Economet-
rica 58, 809-837.

Newey, Whitney K. (1993) “Efficient estimation of models with conditional moment restrictions,” in Hand-
book of Statistics 11, G.S. Maddala, C.R. Rao and H.D. Vinod, eds., North Holland, Amsterdam.

Newey, Whitney K. and James L. Powell (1990) “Efficient estimation of linear and type I censored regres-
sion models under conditional quantile restrictions,” Econometric Theory 6, 295-317.

Pakes, Ariel and David Pollard (1989) “Simulation and the asymptotics of optimization estimators,” Econo-
metrica 57, 1027-1057.

Pinkse, Joris (2006) “Heteroskedasticity correction and dimension reduction,” Pennsylvania State Univer-
sity working paper.

Robinson, Peter M. (1987) “Asymptotically efficient estimation in the presence of heteroskedasticity of
unknown form,” Econometrica 55, 875-891.

Stone, Charles J. (1977) “Consistent nonparametric regression,” Annals of Statistics 5, 595-645.

van der Vaart, Aad, and Jon A. Wellner (1996) “Weak convergence and empirical processes: with appli-
cations to statistics,” Springer (New York).

Zhao, Quanshui (2001) “Asymptotically efficient median regression in the presence of heteroskedasticity
of unknown form,” Econometric Theory 17, 765-784.

23



SJJJP060920

No Overlap Overlap in g1, 092
Til = Ti2 | Til F Tiz | Tyl = Tiz | Tl F Tio
L1, Tio 1L ugq, Usn w1 AL ugo all same all same =5"SO =5"SO
w1 A uio all same =550 =5"S0O =5"S0O
xij L ugje; J # 75 | wa AL use|xin, T2 all same S=0 =5"S0O =5"S=0
uin A win|®in, Tz all same =5"S=0 =5*SO =5%S=0
xij A e w1 AL ugo i1, o S=0 =5=0 =550 | J=5"=S=0
wz1 M use|Tin, 2 | J=57S=0 | =57=S=0 || =550 | =550

The entries indicate which methods are preferable to others in terms of asymptotic efficiency in various situations.
‘1l ” denotes independence and ‘=’ means “is typically more efficient but never less efficient than.”

(new methodology), S=separate estimation (Zhao’s method),

equations (Zhao’s results can be used for this) and O=no efficiency correction.

=joint estimation
=separate estimation using the regressors from both

Please note: when errors are independent of each other and of the regressors and the coefficient vectors do not overlap,
then equation by equation adaptive (to error distribution) estimation dominates all of the other estimation methods

mentioned here.

This comparison applies equally to mean and quantile regressions.

Table 1: Asymptotic Efficiency Comparison of Semiparametric Methods
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