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Abstract

Monotonicity in a scalar unobservable is a crucial identifying assumption for an impor-
tant class of nonparametric structural models accommodating unobserved heterogeneity, as
in, for example, Altonji and Matzkin (2005) and Imbens and Newey (2009). Tests for this
monotonicity have previously been unavailable. Here we propose and analyze tests for scalar
monotonicity using panel data for structures with and without time-varying unobservables,
either partially or fully nonseparable between observables and unobservables. As it turns out,
our tests also have power against relevant failures of exogeneity. Our nonparametric tests are
computationally straightforward, have well behaved limiting distributions under the null, are
consistent against precisely specified alternatives, and have standard local power properties.
We provide straightforward bootstrap methods for inference. Some Monte Carlo experiments
show that, for empirically relevant sample sizes, these reasonably control the level of the test,
and that our tests have useful power. We apply our tests to study asset returns and demand
for ready-to-eat cereals.
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1 Introduction
Suppose an observable scalar Y; = Yj; is structurally generated as
Y = ¢(X, 4), t=1,..,T, (1)

where ¢ is an unknown function, X; = Xj;; is an observable d x 1 vector, d € N, and A = A;
is an unobservable attribute vector, heterogeneous across i. A leading example occurs when Y;

represents the quantity of a good demanded by a consumer, X; represents income and prices, and



A represents consumer i’s fixed taste parameters, as in Stigler and Becker (1977). Alternatively,
Y; can represent the quantity produced by a firm, X; cost and demand shifters, and A firm 4’s
fixed technology parameters.

When A is scalar and ¢(z, -) is strictly monotone ("monotonicity in a scalar unobservable" or
just "scalar monotonicity"), this structure is an important special case of the "structural function
and distribution" framework considered by Altonji and Matzkin (2005, section 4), henceforth
AM. Such monotonicity assumptions play a key role in an important strand of flexible structural
modeling, beginning with Roehrig (1988) and developed extensively by Matzkin (e.g., Matzkin,
2003; 2007) and Chesher (2003). Scalar monotonicity has gained increasing currency, being relied
on recently by Imbens and Newey (2009), Evdokimov (2009), and Komunjer and Santos (2010).

As Hoderlein (2005) notes, monotonicity is a strong assumption. Further, monotonicity is
crucial in this context, as key identification results fail when scalar monotonicity is violated. It is
thus important to have tests for this. To the best of our knowledge, no such tests are currently
available. Accordingly, our goal here is to propose and analyze some straightforward methods
for testing scalar monotonicity. As it turns out, our tests are also sensitive to relevant failures of
exogeneity.

We do not restrict attention to structures with a single unobservable, however. We also

consider structures monotonic in A with separable time-varying unobservable &,
Yi=0(X,A)+e, t=1,..,T, (2)
as well as fully general nonseparable structures with vector-valued &,
Y = ¢( Xy e, A), t=1,...,T. (3)

Evdokimov (2009) considers the former structures, discussing their relevance to studying hetero-
geneous treatment effects, such as the effects of union membership on wages and the effects of
wages on consumption. The latter can be used, among other things, to study price effects on
consumer demand as well as nonlinear/nonparametric factor effects on asset returns in the pres-
ence of unobserved heterogeneity. The fully non-separable structures are quite general; their only
significant vulnerabilities to misspecification are failures of monotonicity or exogeneity.

In Section 2, we provide some general results for structures monotonic in a scalar unobservable,
reviewing and extending known representation and identification results. These results show the
necessity of monotonicity for identification and provide the required foundations for our tests.
For clarity, and to maintain a manageable scope for the analysis here, we focus on the classical
strictly exogenous case, where X; is independent of A (X; L A) for all ¢. This also serves as a

foundation for analysis under weaker conditions (see Hoderlein, Su, and White, 2010).



In Section 3, we propose a monotonicity test for structures of the form (1). The test is fully
nonparametric and is available for T" as small as 2. The test statistic is asymptotically normal
under the null, is consistent against a precisely characterized set of alternatives, and can detect
local alternatives with rate O(N~1/2h=%/4) where N is the number of cross-section observations
and h = hy is a kernel bandwidth.

We introduce and analyze a monotonicity test for structures with time-varying unobservables
of the forms (2) and (3) in Section 4. The test is again fully nonparametric, but here we require
T to be large, so as to average out the influence of the e;’s. The test statistic is asymptotically
a mixture of chi-squares under the null, is consistent against a precisely characterized set of
alternatives, and can detect local alternatives with rate O(N~'/2). Interestingly, the same test
works for both the "partially nonseparable" and the fully nonseparable cases.

Section 5 describes effective bootstrap methods for finding critical values and p—values for our
tests and reports the results of some Monte Carlo experiments designed to study the level and
power properties of the tests. We find that our tests perform reasonably well for N = 100 and
T = 2 in the absence of time-varying unobservables and for N, T = 50, 100 with time-varying
unobservables. Section 6 uses our tests to study asset returns and demand for ready-to-eat cereals,
and Section 7 contains a summary and concluding remarks. The Mathematical Appendix contains
formal proofs of our results, together with supplementary results supporting the discussion of the

main text.

2 Representation and Identification with Scalar Unobservables

We begin with a version of an identification result of AM, their theorem 4.1, for the strictly
exogenous case. We let U0, 1] denote the uniform distribution on I = [0,1]. We also write
N =NU {co}.

Proposition 2.1 Let X be a random d x 1 vector, d € N, let € be a random scalar distributed
as U[0,1], and suppose that X 1 e. Let m : R? x T — R be a measurable function, and suppose
that Y = m(X,e). Let F(y | ) = P[Y <y | X =z]. Then for given z € X = supp(X),

Fly|lz)=m(z,y) forallyeY = supp(Y) (4)
if and only if m(x,-) is strictly increasing.

When m(z,-) is invertible, m~!(x,-) represents the inverse function such that e = m~=!(z,y)
if and only if y = m(z,e). More generally, m~!(z,-) represents the correspondence defined by

m, *(—o0, 7], the preimage in I of the half-ray (—oo, y] under m(z, -). Also, we adopt the convention



suggested by AM that if m(x, -) is strictly decreasing, then we replace m(z,-) with —m(z,-). The
key property is thus that m(x,-) is strictly monotone.

Let e = F(y | x); if eq.(4) holds, then F(- | x) is invertible and m is identified as m(z,e) =
F~l(e| x). Because F~!(- | z) is the conditional quantile function, we call this full identification
via conditional quantiles at x or, for brevity, full identification.

These conditions are simpler than those of AM’s theorem 4.1, as we consider only the exoge-
nous case. Also, we show that strict monotonicity of m(x,-) is necessary for full identification,
not just sufficient.

Representing Y using a scalar € in Proposition 2.1 is much less restrictive than it might seem.

To show this, we formally specify a structural data generating process.

Assumption A.1 Let (Q,F,P) be a complete probability space on which are defined real-
valued random vectors X and U of countable dimensions d x 1 and ¢ x 1 respectively, where the
distribution of U is nonatomic. Suppose ¢ : R? x R* — R is a measurable function and that Y is

structurally generated as Y = ¢(X,U).

Note that both X and U can have a finite number or a countable infinity of elements. Usually,
d is finite, and we observe X but not U. Requiring that U is nonatomic rules out cases where
U has atoms, e.g., for some u, P[U = u| > 0. Nonatomicity holds when U is continuously
distributed, but it is a weaker requirement. The lack of atoms is not necessarily restrictive, as ¢
can incorporate thresholding; for example, we can have ¢(z,u) = z 1{u < .5}, where 1{-} is the

indicator function.

Proposition 2.2 Let Assumption A.1 hold. Then (i) there exists a Borel isomorphism! v :
RY — T such that e = v(U) is distributed as U[0,1], and Y = ¢(X,v71(¢)) a.s. (#1) X L U holds
if and only if X L e.

Thus, whenever Y is structurally determined by a countably dimensioned nonatomic unobservable,
then it also has a representation involving a scalar unobservable. By (i), this representation
preserves exogeneity. Further, it preserves important information about effects of interest, as, for
example, D,¢(x,u) = Dy¢(x,v"1(e)) for e = v(u). In this sense, there is no loss of generality in
assuming a scalar unobservable compared to assuming any number of unobservables.

Which representation we use depends upon the purpose at hand. For thinking about economic
relationships, it is appropriate to think in terms of the structure of A.1. If indeed there is only

a single unobservable driver of Y, A.1 permits this. But even when this fails, the representation

!This Borel isomorphism is a one-to-one function v from R onto I such that both v and its inverse v~ are

Borel measurable. See Dudley (2002, pp. 487-493) or Corbae, et. al. (2009, pp. 416-417).



with a scalar unobservable is convenient for specification testing. This claim is justified by the
next result, which gives a structural characterization of full identification, not only in terms of

strict monotonicity but also exogeneity.

Proposition 2.3  Let Assumption A.1 hold, and suppose that for each x € X, ¢(x,-) =
g(z, h(z,-)), where h : RTx R — T and g : R? x I — R are measurable and V = h(X,U) is
nonatomic on 1. (i) Suppose V. L X. Let x € X be given. Then F(- | x) = g~ (z,-) if and only
if g(x,-) is strictly increasing. (ii) Suppose V- f X. Then there exists X* C X, P[X € X*] > 0,
such that for all v € X*, F(- | x) # g~ '(z,-).

This supports specification testing: By part (i), if we maintain that V' is independent of X
and test F(- | #) = g (z,-), either (a) for given = or (b) for all z, then we can reject scalar
monotonicity. Equivalently, full identification fails (a) at = or (b) on a set of positive probability.
Part (i) says that if we test F(- | z) = g~ !(z,-) for all z, then rejection again implies the failure
of full identification on a set of positive probability. Now, however, rejection is due to failure of
exogeneity, of strict monotonicity, or both. In the following sections, we construct specification
tests based on this result.

The allowed dependence of h(z,-) on z means that the representations of Propositions 2.2
and 2.3 need not coincide. Further, whereas v=!(-) is by construction one-to-one, h(z,-) can be
many-to-one. Of particular importance is that the broadly valid representation of Proposition 2.2
is generically non-monotonic in a precise sense: Proposition 2.2 ensures only that ¢(z,v=1(-)) is
measurable on I; but monotonic functions are shy in Ly (I, B, X), the space of Borel measurable
functions on I with finite pth absolute moments, p € [1,00) (Stinchcombe, 2010). Shyness is
the function space analog of being a subset of a set of Lebesgue measure zero; see Corbae,
Stinchcombe, and Zeman (2009, pp. 545-547) (CSZ). In this precise sense, monotonicity is quite
a strong necessary assumption.

It might seem counterintuitive that V' = h(X,U) can depend on X and yet be independent
of X, as permitted by Proposition 2.3. Although V' and X generally are dependent in this case,
Benkard and Berry (2006) give an example where V' and X are indeed independent. Our result

shows that full identification is possible even in these cases.

3 Testing Monotonicity in Unobservable Attributes

Our first test applies to the fully nonseparable case where the unobservables vary across individuals

but not time, with 2 < T < oo. That is, A.1 holds with

Y;f:¢(Xt>A)> t=1,..,T.



Here U; = A, emphasizing that the unobservables are fixed attributes, conforming with notation
of Hoderlein (2005), Hoderlein and Mammen (2007), and Hoderlein and White (2009). As the
examples in the introduction show, this is an important special of the structure considered by

AM. Formally, we impose

Assumption B.0 Assumption A.1 holds with ¢(z,a) = g(x,3(a)), where 8 : R® — T and
g:R%x I — R are measurable; and Y; = ¢(Xy, A), t =1,...,7,2 < T < 0.

For simplicity in what follows, we let T' = 2.

For concreteness, we refer to a time index t. Nevertheless, what follows applies to a wide variety
of contexts. For example, ¢ can index twins, siblings in a family, individuals in a geographic area,
works by an artist, writer, composer, or director, or, in general, members of any group influenced
by a common unobservable.

AM and Imbens and Newey (2009) assume scalar monotonicity for all z € X’ (scalar monotonic-
ity a.s.). This is the case typically of interest. With fixed A (i.e., for given i) and when exogeneity

and scalar monotonicity a.s. hold, Proposition 2.3 ensures
H() : F(Y1 ‘ Xl) = F(}/’Q ‘ Xg) a.s. (5)

We call (5) full identification a.s. Significantly, exogeneity and the time-invariance of A jointly
ensure that F}, the conditional CDF of Y; given X, is time invariant. When exogeneity or scalar

monotonicity a.s. fails, we generally have
P[Fl(Yl ‘ Xl) = FQ(YQ ’ XQ)] <1

Theorem 8.1 of the appendix formally states and proves (5) and its converse, with a brief discussion
of the mild additional conditions required for the converse.

Thus, observing Fj(Y; | X1) # F»(Ys | Xo) for a randomly drawn individual is sufficient to
reject Hy. We gain power by considering a measure of the average departure of F(Y; | X;) from
F5(Y2 | X2) in a random sample of size N. Thus, we measure the departures of F(Y; | X;) from

FQ(YQ | Xg) using
N

Dy = Z(FNl(Yil | Xi1) — FNQ(Y;‘Z | Xi2))2'
=1

where F 'v1 and F w2 are suitable estimators of Fy and F5.
Specifically, we rely on local polynomial estimation of Fy, ¢t = 1, 2. Following Masry (1996), we
adopt the notation

k k

RS AR RS D S 5 2
0<|7I<p  k=0j1= Ja=0

j1+~~~+jd:k



where 71, ..., jq are non-negative integers and z = (z1,...,74)" . Given observations {(Yj, X;),
i=1,..., N}, we estimate F; (Yj; | X;;) by solving the weighted least squares minimization problem

N 2

mﬂinz 1{Yj: < Yt} - Z B (Xje — Xat) /0) | K (Xje = Xt

J#i 0<lj|<p
where 3 stacks the 8;’s (0 < [j| < p) in lexicographic order (with Sy in the first position, the
element with index (0,0,...,1) next, etc.), K () = K (-/h) /h, K (-) is a symmetric probability
density function (PDF) on R% and h = h(n) is a bandwidth parameter. Note that we use
leave-one-out estimation here, which greatly facilitates the proofs of our results. Our estimator
FNt (Yt | Xit) is the minimizing intercept term in the above problem.

Let L; = (I+d—1)!/(l1(d—1)!) be the number of distinct d-tuples j with |j| = {. This denotes
the number of distinct Ith order partial derivatives of Fy(- | -) with respect to . Let L = >"7_, L;.
Let p be a stacking function such that X (z) = p ((Xj; — ) /h) denotes an L x 1 vector that
stacks ((Xj; — ) /h)?, 0 < |j| < p, in lexicographic order (e.g., Xj; (x) = (1,((Xj¢ — ) /)"
when p =1). Let Xj; ; = Xy (Xj¢) . Then it is easy to verify that

. , I
e (Yie | Xie) = €1 Sve (Xio)] ™" 57— D Kji Xjnmi 1{¥js < Yar},
J#i
where €] = (1,0,...,0) is an L-vector, Kj;; = Kp, (Xj: — Xj¢), and Sy (Xi) = ﬁzgﬂ Kijq
Xt ~iXp
To study the asymptotic properties of Dy under Hy, under a sequence of Pitman local alter-

natives, and under the global alternative, we impose the following assumptions:

Assumption B.1 Let Z; = (Yit,X{t)/ and Z; = (Z!, Z!,)". The sequence {Zi}f\;l is IID.
Assumption B.2 (i) For t = 1,2, let fx, and fz, denote the PDFs of X;; and Z;;, respectively.
Let fz denote the joint PDF of Z;; and Z;5. All these PDFs exist and are uniformly bounded
over their supports.

(7i) Let A} and )4 denote the supports of X;; and Yj, respectively. Both X, and ), are
compact, and fx, is uniformly bounded away from 0 on X; for ¢t =1, 2.
Assumption B.3 (i) For ¢t = 1,2, and for each y € ), Fi(y | -) is Lipschitz continuous on X}
and has all partial derivatives up to order p+ 1, p € N.

(7) For t = 1,2, and for each y € ), the (p + 1)th order partial derivatives with respect to
x, D*F, (y | -) with |k| = p + 1, are uniformly bounded on X}, and are Holder continuous on X; :
for z, ¥ € Xy, |D*Fy (y | #) — D*F, (y | #)| < C ||z — &||, where C' is a generic finite constant and

||-|| is the Euclidean norm.



(iii) For t = 1,2, for each = € X}, and for each y, § € W, |D¥Fy(y | z) — D*F, (g | z)| < C
Iyl
Assumption B.4 (i) The kernel function K : R? — R is a continuous, bounded, and symmetric
PDF.

(i1) & — ||z||* ! K () is integrable on R? with respect to Lebesgue measure.

(iii) Let Kj(z) = 29 K (z) for all j with 0 < |j| < 2p+1. For some C; < oo and Cy < oo, either
K (-) is compactly supported such that K (x) = 0 for ||z|| > C1, and |K;j(z) —K;(Z)| < Ca ||z — Z||
for any z,% € R? and for all j with 0 < [j| < 2p + 1; or K(-) is differentiable, | DK; (z)|| < C1,
and for some g > 1, |DKj (z) | < C ||z||™* for all ||z|| > C5 and for all j with 0 < [5| < 2p+ 1.
Assumption B.5 As N — oo, h — 0, Nh??/(log N)® — oo, Nh2W+t)+d/2 _, 0 and prt1-d/2
0.

Assumption B.1 is standard in conventional panel data modeling. Note that Z; can be de-
pendent across t. Assumption B.2 is standard for nonparametric local polynomial estimation.
Assumptions B.3-B.4 are used to obtain uniform consistency for the local polynomial estimator
of Masry (1996) and Hansen (2008). Assumption B.5 imposes appropriate conditions on the
bandwidth.

Let S, (z) = E [Kh (Xj0 — ) X (2) X, () } (@) = p(2) K (), 5 (2) = [ " (%)
xp* (@ — &) d and K (X0 — ) = hodel [§1 ()] * (Xy0 — 2) /h) . Let T, (Z) = 1{¥i < )
~Fy (y | Xit), and of (y,5;2) = E (1 (Zit) 15 (Zit) | Xir = 2] . Define

hd/2 N N _ _
By = N 12 SN T Kix, (X — Xa) Iy, (Zj) — Kax, (X2 — Xi2) 1y, (Z52))? (6)
i=1 j#i

UO—QZE [///mt )2 05 (Y 5 Xit) [z, (v, Xit) Sz, (5 Xr) fx, (Xir) dy dj dz|, (7)

where 7;, (33) =€) [S1 (X)) 71 B () [S2 (X)) e

The next result says that after centering, h%/2Dy is asymptotically normal under Hy.
Theorem 3.1 Suppose Assumptions B.1-B.5 hold. Then under Hy, h*?Dy — By 4N (0,03) .

Clearly, By = By + Op (h%?), where By = 5 530 0 S0 [Kex, (X —Xa)
iYit (th)]Q. Thus, the result also holds if we replace By with By.

To implement the test, we consistently estimate By and 0(2) using

A hd/2 N N

By = 222 awl—awg , and
1=1 j#i

2
o 2 N N[N

~2 _ ~

oN = N(N—l) Z Nzalz‘,tal],t )
t=1 i=1 j#i =1



where dujp = 4 [Sne (Xa)] ™ KjioXie—idvi, (Zin), v (Zje) = 1{Yje < Yau} — Fnve (Yie | Xjo) s
and Fn; (y | z) is the pth order local polynomial estimate of Fj (y |x) using all N observa-
tions {Yit,Xit}i]il, kernel K, and bandwidth hA. We demonstrate below in Theorem 3.2 that

By — By = op (1) and &?V — 0’% = op (1). Then we can compare
JNE(hd/zDN—BN)/ 5’?\[

to the one-sided critical value z,, the upper a percentile from the N (0, 1) distribution. We reject
the null at level « if Jy > z,.
To examine the asymptotic local power of the test, we consider the following sequence of

Pitman local alternatives:

Hy(vw) s Fi(Ya | X)) — Fo(Yaz | Xi2) = vy On (Zi),

where 7 — 0 as N — oo and 0y (-) is a continuous function such that gy = limy ... E[6y (Z;)]?

< 00. The following theorem establishes the local power of the test.
Theorem 3.2 Let Assumptions B.1-B.5 hold. Then under Hy (N~Y2h=44) | Jy % N (ug/00, 1) .

Thus, the test has nontrivial power against Pitman local alternatives that converge to zero at rate
N—1/2p=d/% The asymptotic local power function is given by 1 — ® (24 — p1/00) , where ® is the
standard normal CDF.

The following theorem establishes the consistency of the test.

Theorem 3.3 Suppose Assumptions B.1-B.5 hold. Then under Hy = Hy(1), N-1p=d2 gy =
/oo + op (1), where py = E[F1(Yi1 | Xi) — F2(Yia | Xi2)]?, so that P(Jy > cn) — 1 under

Hy for any nonstochastic sequence cy = o (th/z) .

Thus, when the structural conditions of Theorem 8.1 hold, this test can detect any failure of full
identification a.s., whether due to failure of strict monotonicity, failure of exogeneity, or both.

Remark. When T > 2, the statistic Dy becomes

T-1 T N A
Dy = Z Z Z(FNt(Y%t | Xit) — Fvs(Yis | Xis))?.

t=1 s=t+1 i=1

We consistently estimate the bias and variance by

> 2
BN = 2 E E E E azg t— a’zg sl
t=2 s=t+1 i=1 j#i
2

opd T2 T L L 2

~2 N N N A

oN = 7]\7 (N— 1) E g E [N E Qs t 5.t N E ali,salj,s]
t=1 s=t+1 i=1 j#i =1 =1




It is easy to show under local alternatives H; (Nfl/Qh*d/‘L)  FB (Y | Xi) — Fs(Yis | Xis) =
N_1/2h_d/45N,ts (Zit, Z;s) for each pair (t,s), that Jy 4N (9/00,1) , where py = z:ll ZZ:H_l

Imy oo E [0 ts (Zit, Z,~3)]2 < 00 and 03 =plimy o 53

4 Structures with Time-Varying Unobservables
4.1 Partially Nonseparable Structures

We now extend our analysis to structures where there may also be time-varying unobservables,

e+ We first treat the case where ¢; is additive:
Y, = g(Xy, B(A) +e, t=1,...,T.

Because these structures are partly but not fully nonseparable in unobservables, we call them "par-
tially nonseparable". Below, we consider fully nonseparable structures, where Y; = g(Xy, e, 5(A)),
t=1,..T.

For the partially nonseparable case, we impose

Assumption C.0 Assumption A.1 holds with ¢(x,u) = g(z, B(a)) + ©(v), where 8 : Rt — T,
¢ :R? - R, and g : R? x I — R are measurable; and with U; = (4,V;), V; = ¢(X;,Uy) =

Thus, U; = (A, V) contains a time-invariant attribute vector, A, and a time varying driver, V;.
We write B = 3(A) and &, = ¢(V;). The latter is often called a "shock".

Evdokimov (2009) (E) studies such structures extensively. He gives many salient examples and
provides identification and estimation results. An important further example arises in finance,
where Y; is the per period return of an asset, X; represents market and other factors driving
returns, A is alpha, the firm-specific return generating attribute, and &; is an idiosyncratic shock.
This nonlinear asset return factor structure permits arbitrary interaction between alpha and the
systematic factors driving returns; it may thus be useful not only for better understanding asset
returns but also for improving portfolio allocation.

Just as for AM, a main goal for E is the identification of g. Although the presence of &;
complicates matters, the main identification results are the same. As E shows, one can use
deconvolution to extract the distribution of M; = g(Xy, B) given X;. Then strict monotonicity
identifies g(w,-) as F~1(- | z), where F(- | ) now denotes the CDF of M; given X; = z. In fact,
Proposition 2.3 applies to show that either (7) strict monotonicity or (iz) strict monotonicity and
exogeneity are necessary and sufficient for identification.

Without €4, we compared F; (Y7 | X1) to F5(Ya | X3). Here, we would like to compare Fy (M |
X1) to Fy(My | X2); both equal B given identification. But since &; is unobservable, so is

10



M; = Y; — €. Directly comparing Fy(M; | X1) to Fo(Ma | X2) is not possible. E’s results do
permit a comparison of Fj(m | z) to Fa(m | x) for all (m,x), but this has no power when (Y7, X1)
and (Y3, X2) are identically distributed (ID), a leading special case. Moreover, using E’s results
for inference is challenging, as so far there is no asymptotic distribution theory available for his
estimators; only convergence rates are available.

Nevertheless, straightforward specification testing is possible when T is large as well as V.
For convenience, we assume that {X;,e;} is ID. Let non-negative weight functions w; and wy be
defined on X. Given sufficient moments, we use w; to define Yy =Yy = E(Y: wi(X:) | B); the
equality holds by ID. Then

Y1 = E(9(Xy, B) wi(Xy) | B) + E(ey wi(Xy) | B)
= /g(:x,B) wy(z) dF (z) + E(gr w1(Xy))
= §1(B) +g‘1,

where the second line holds given exogeneity (X; L B) and the further condition e; L B | w1 (Xy).
In particular, these conditions ensure that &1 = E(g; wi1(X;)) is a constant. Assuming that
et L B | wi(X;) allows dependence between &; and X; as well as e, and B. An alternative
sufficient (but not necessary) condition giving Y1 = §1(B) + &1 is &, L B | X;. Together with
X; L B, this implies (and is implied by) (X, ¢e¢) L B.

Similarly, with Y3 = Y3, = E(Y; wa(X;) | B), X; L B, and ¢; L B | wa(X;), we have

Yy = Ga(B) + &2,

with
g2(b) = /g(x,b) wo(x) dF(z) and &9 = E(ey wa(Xy)).

For example, let X7 be a subset of X with 0 < p; = P[X; € Xj] < 1, let Xy = X\, and
take wi(x) = 1{zx € X1}/p1 and wa(z) = 1{x € X2}/(1 — p1). In this case, & L B | wi(X;) and
e L B | wa(Xy) are equivalent.

Strict monotonicity a.s. of g(Xy¢,+) directly ensures that b — g;(b) is strictly monotone in b.
By Proposition 2.1 (with X absent), it follows that B = g; '(Y; — &1) is the percentile of ¥ — &;
in its distribution. But since &; is a constant, this percentile is also that of Y; in its distribution,
say Fy, defined by

Thus, B is identified as

11



In the finance context, where B = A is the firm’s alpha, this has a natural interpretation:
With wi (z) = 1, this says that alpha is the firm’s percentile in the distribution of unconditional
expected firm-specific returns. An interesting question here is whether Fyis degenerate, in which
case there is no firm-specific heterogeneity.

We also have

B =g, (Y2 — &) = F3(Ya),
where Fy = P[Y; < y]. This motivates a specification test based on
Hy: F1(1) = Fa(Ya).

When T and N are large, we can consistently estimate Y, and Fr, 7=1,2, yielding

Byrii=Fnri(Yri:) and  Byroi = Fnro(Yras),

where we define

T
Yr.i = TﬁlZYQt wr (Xit), and
=1

N
Fynre(y) = N7 1{Vp,;<yh, 7=12
j=1

Under strict monotonicity, the estimators B N,T,r: are consistent for B; as N, T — oo; other-
wise, they differ under suitably strong monotonicity failures. Lemma 8.3 provides a precise formal
statement of the latter claim. An interesting situation arises here, as failures of strict monotonic-
ity (hence identification of g) rendered undetectable by the weighted averaging (because g; and
g2 are nevertheless strictly monotone) are in fact cases where B is identified, regardless of the
non-monotonicity of g(z,-). Identification of B is often of interest in its own right, for example in
modeling asset returns.

Here, the exogeneity assumptions X; | B and ¢, L B | w,(X;), 7 = 1,2 permit inference
on monotonicity of g; and go. Further, as we discuss preceding Theorem 8.4 in the appendix,
dropping these conditions introduces multiple generic sources of non-monotonicity: rejecting Hy
may then be due to non-monotonicity of either E(g(Xy, B) w-(X:) | B) or E(e; w-(X:) | B), or
both. When E(e; w,(X;) | B) is non-constant in B, as generally holds when either X; 1 B or
et L B | wy(Xy) fail, it is generically non-monotonic. Non-monotonicity of E(g(X¢, B) w-(X3) | B)
can arise either from the non-monotonicity of g or from the failure of exogeneity, X; L B. The
appendix contains further discussion.

These statistics now permit specification tests based on an exact analog of Dy,

N

DNT = Z (BN,T,l,i - BN,T,Q,Z‘)2-
i=1

12



Use of multiple weighting functions w,, 7 =1, ...,7, leads to analogous test statistics

T-1 T N
Dyvr=3 > > (Byrri—Byre)”
7=1 ¢=7+1 i=1
To study the asymptotic properties of Dy under Hy, we write ”Z||2+w ={E ‘Z|2+7 }1/(%”

and impose the following assumptions:

Assumption C.1 (i) Let Z;; = (¢4, X},) and Z; = {Z;1, Zja, ...}. The sequence {(Z;, B;)} is IID.
(73) For each i, {(Xyt,ei)} is strictly stationary and strong mixing with mixing coefficient « (-)

/24 < 6 for some vy > 0.

satisfying Y o0, a(s)
Assumption C.2 Let 7 € N. For 7 = 1,2,...,7, w; : X — R is a measurable function such
that for some C' < o0, [|g (Xit, Bi) wr (Xit)||la1, < C and [le; wr (Xit)|[oy, < C.

Assumption C.3 (i) For 7 = 1,2,...,7, the CDF F; of Y;; = E [Yi w; (Xi) | B;] admits a
PDF f, that is uniformly bounded on its support. (ii) For 7 = 1,2, ..., 7 and sufficiently large T,
the CDF FTT of YTJ’Z- admits a PDF fTT that is continuous on its support, and g is continuous,
where g, (B;) = E(9(Xit, Bi) wr (Xit) | Bi).

Assumption C.4 Let & = (Vi -, Yri)s ¥ (6,65) = 27 S [V < Veib = B (Vo) —
1{Y.; < Yo} + F(Ye,)), and 9% (u,0) = [4 (€,u) 9 (€,v) F (d€), where F denotes the CDF of
¢;. The non-zero eigenvalues® \;, j = 1,2, ..., for ¥* (u,v) satisfy > 51 A < oo

Assumption C.5 As N — oo, T/N — oc.

Together, Assumptions C.0 and C.1 specify the data generating process. Given the exogene-
ity assumptions X; L B and ¢, L B | wy(Xy), 7 = 1,...,7, strict monotonicity implies Hy, as
discussed above. Assumption C.1 rules out cross-section dependence across individuals and non-
stationarity across time. We can relax strict stationarity at the cost of more complicated notation.
Assumption C.2 imposes some moment conditions. Assumption C.3(¢) is weak. Assumption C.4
is used to establish the asymptotic distribution of a certain degenerate second-order U-statistic.
Assumption C.5 imposes conditions on (N, T) that greatly facilitate the asymptotic analysis. As
we show below, however, suitable bootstrap methods deliver reliable finite sample inference even
when T is a modest multiple of V.

Define the bias term

T7-1 T N N
Byr =N 3 NN [1{Y,; < Voi} — B (Vo) — 1{Yo; < Vo) + (Vo))
T7=1¢=74+1i=1 j#i

We can now describe the asymptotic distribution of D N7 under I:Ig as N — oo.

2The eigenvalues depend on the choice of basis for the underlying Hilbert space; the specifics are not critical
here. See Chen and White (1998) for details.
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Theorem 4.1 Suppose Assumptions C.0-C.5 hold. Then under Hy : F.(Y;;) = F.(Y.;) for
7.6 = 1,2,...T, Dyr — Byr 4, Py )\j(ZJ2 — 1), where {Z;} is a sequence of IID N (0,1)

random variables.

The proof shows that Dy is asymptotically equivalent to an infeasible test statistic (Dy7)
based on the unobservable f/m-’s. After centering with By7, D7 can be written as a second-order
degenerate U-statistic whose asymptotic distribution has been well studied (see, e.g., Chen and
White, 1998).

To implement the test, we consistently estimate By with

T7-1 T N N
Byr=N72Y" 3 SN Ve < Yo —Engr(Viri) —1{Vres < Yo+ Eve (Vi)
=1 ¢=7+1i=1 j#i
It is straightforward to show that ByT — By = 0p (1). Then we have
d > o
JNT = DNT — BNT — Z)\J (ZJZ — 1) under Ho.
j=1
As the limiting distribution depends on the difficult to estimate nuisance parameters {\;}, we
will propose a bootstrap method to obtain the needed p-values.
To examine the asymptotic local power of the Jyr test, we consider the sequence of Pitman

local alternatives

H, (vw) FT(YT,Z') - F‘g(f/c,z) = 'YN‘SN,T,@(Y/T,% Y/c,l) for1<7#¢<T,
where 7y — 0 as N — oo and the dy ;s are continuous functions such that p = limy_. ZTT:_ll
ZZ:T Bl Nore(Yri, Yoi)]? < 00. The following theorem establishes the asymptotic local power
of the Jyr test.

Theorem 4.2 Suppose Assumptions C.0-C.5 hold. Then under H, (N*1/2) , INT 4, Z;’;l Aj
(23 -1)+p.

Theorem 4.2 shows that the Jy7 test detects local alternatives converging to the null at rate
N—12,

The next theorem establishes the consistency of the test.

Theorem 4.3 Suppose Assumptions C.0-C.5 hold. Then under H, = H; (1), N Yyr = p+
.. _ .12
op (1), where p = ZTT:_ll ZZ:TH E\|F.(Y;:) — Fg(Ygz)] , so that P (Jyr > cn) — 1 under Hy

for any nonstochastic sequence cy = o (N).
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4.2 Fully Nonseparable Structures

We now consider fully nonseparable structures of the form
Y}/:g(Xt,Et,B(A)), t=1,2,...
Formally, we impose

Assumption D.0 Assumption A.1 holds with ¢(z,u) = g(x,¢(v), B(a)), where B : R — T,
¢ :R2? - R, and g : R? x R x I — R are measurable; and with U; = (A,V}), ¥; = ¢(X;,Uy) =
g(Xt)SO(VYt)’IB(A))’ t=12,...

As above, U; = (A, V}) contains a time-invariant attribute vector, A, and a time varying driver,
Vi; we again write B = (A) and &, = p(V;). Taking ¢; to be scalar is without loss of generality,
in view of Proposition 2.2. We first discuss specification testing; we then briefly provide further
discussion of identification.

The key step in treating this case is to view (X, £;) here as corresponding to X; in the partially
nonseparable case. Thus, we impose the exogeneity condition (X, ;) L B, and the monotonicity
condition becomes that g(z,e,-) is strictly monotone. The only difference is that because g, is
unobservable, we cannot directly construct weights using ¢;; instead, the weights are functions only
of X;. As above, let {X;, e} be ID, and let non-negative weight functions w; and wg be defined
on X, such that E(w.(X;)) =1, 7=1,2. Let Y1 = Y1, = E(Y; w1(X;) | B) and Y5 = Yo, = E(Y;
wa(X¢) | B). Then

Yi = E(9(Xt,e, B) wi(Xy) | B) = /g(a:,e, B) wi(z) dF(xz,e) = g1(B), and

Y, = E(g(Xi,e, B) wo(Xy) | B) = /g(m,e, B) wa(z) dF (z,e) = g2(B),
where the second equality in each line holds given (X;,&;) L B.
The development of the previous section applies immediately, with the obvious modifications,

so that F’l(ffl) =B=1 ()72) given strict monotonicity. Thus, we again test

Hy : F1(1) = Fa(Ya).
The statistics and tests are identical. Lemma 8.3 and Theorem 8.4 apply with (Xy,e;) replacing
X¢, so we do not repeat our previous discussion. The only real difference from the partially
separable case is that here the test may lack power against certain alternatives that can only be
revealed by using weights that depend on &;.
To close this subsection, we briefly discuss identification. If indeed g(z, e, -) is strictly monotone

and (X¢,e;) L B, then, as we have just seen, B is identified as, e.g., B = F(f’), withY =Y, =
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E(Y; | B) and F the CDF of Y. Thus, B can be consistently estimated when T' — oo; in this sense,
B is known asymptotically. One can then identify g using the results of Section 2, treating X
and B as the observables, with ¢ the sole scalar unobservable. Specifically, with g(z, -, b) strictly
monotone and (X, B) L e, Proposition 2.1 identifies g(x, -, b) and e. These identifications may be
useful for testing whether or not the structural function is partially nonseparable. Further, they
may be helpful in refining estimation for the partially nonseparable case treated by E. As these

topics are well beyond the scope of the present study, we leave them for future research.

5 Monte Carlo Simulations

In this section we conduct some Monte Carlo experiments to evaluate the finite sample perfor-
mance of our tests. We first consider the nonseparable case where the unobservables are attributes
varying across individuals but not time. Then we consider the nonseparable case where we have

both time-invariant and time-varying unobservables.

5.1 Unobservable Attributes

We consider two data generating processes (DGPs):

DGP 1. Yy =14+ X+ (14+6Xu) A;

DGP 2. Vit = /0.4 + X2 A4; — 6A12<p(0,0.5) (Xit),
where for ¢ = 1,...,N, t = 1, 2, A; is IID U (0,1); X is IID, computed as the sum of 48
independent U (—0.25,0.25) random variables; X;; is independent of A; for each i,j,t; ¢(00.5)
is the normal PDF with mean 0 and variance 0.5; and J controls the degree of violation of
monotonicity in A;. We use § = 0 and § > 0 to study the finite sample level and power properties
of our test, respectively. Note that by construction, both X;; and Y;; have compact support for
each £. On the other hand, according to the central limit theorem we can treat X;; as being nearly
standard normal random but with compact support [—12,12].

To construct the test statistic Dy, we estimate the conditional CDF F; (Yj; | X;;) using leave-
—1/2 exp (—%aﬂ) .

Since there is no data-driven procedure for the optimal choice of bandwidth for our test, we follow

one-out local linear regression (p = 1). We choose the Gaussian kernel K (z) = (27)

a rule of thumb, choosing the bandwidth as h = 0.5sx N~ /4, where sx is the geometric average of
the sample standard deviations {Xit}i]il , t =1,2. Note that we use undersmoothing to eliminate
the effect of the finite sample bias of the CDF estimates.

It is well known that the asymptotic normal distribution typically does not give a good ap-
proximation to the finite sample distribution of many nonparametric tests. Thus, we suggest a
bootstrap method, yielding bootstrap critical values or p-values. For this, we generate bootstrap
data {(Y;;,X};):i=1,..,N, t = 1,2} as follows:
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1. Set X}, = Xj; for each (i,t) and generate A; as IID U (0, 1) random variables.

2. Generate Y} as Fiyk (A; | X7,) where Fyt. (7 | ) is a nonparametric estimate of the quantile

function F~ (1 | x) (since F; ' (7 | z) = Fy ' (7 | «) under the null).

We consider two types of nonparametric estimates for F~1 (7 | x) : one is the local linear (LL)
quantile regression estimate (e.g., Yu and Jones, 1998), and the other is obtained by inverting
a weighted Nadaraya-Watson (WNW) estimate of F (y | z) (e.g., Cai, 2002). Specifically, the

former is defined as the minimizing intercept in the problem

2 N

{Br?gll};;m (Yie — Bo — B1 (Xu — 2)) Kj (Xu — ), (8)
where p,(z) = z(7 — 1{z < 0}) is the “check” function, and h = h (N) is the bandwidth. It is
well known that the solution to this problem is determined by fitting certain observations exactly
and that the resulting quantile function estimate must be non-monotonic in its argument 7 at
some values of Xj. As a result, Y] = F ]Gilp (A; | X};) may not be monotonic in A; for some
values of X7; this might have some adverse impact on test performance. Further, the LL estimate
does not constrain the corresponding CDF estimate to lie between zero and one. To avoid these
potential problems, Cai (2002) proposed a WNW estimator for F' (y | «) and inverted it to obtain
the estimate of F~! (7| z). Let

S o (@) Ky (X — 2)1{Ya < y}
S SN pa(@) K (X — )

where the nonnegative weight functions, p;(x), are chosen such that

Funu(y | @) = ; (9)

2

N 2 N
YO pielw) =1, and Y Y pu(x)(Xi — 2) Kj(Xi — ) = 0. (10)
t=1 i=1 t=1 i=1
Cai (2002) proposed choosing {p;(x)} using empirical likelihood, i.e., to maximize Zle Zfi 1
log {pit()} subject to the constraints specified in (10). Then Fiyi (7 | ) is given by inf{y € R :
Fynw(y | ) > 7}. This ensures the monotonicity of Y;f = Fyr (A4; | X7,) in A;. For our bootstrap,
we take h = 25y N~1/6 where 5y is the sample standard deviation of {X;;,1 <i < N, t =1,2}.
We consider two sample sizes, N = 100, 200 in our simulation study. Due to the considerable
computational burden for the bootstrap, we use 250 replications for each sample size N and 100
bootstrap resamples in each replication.
Table 1 reports the empirical rejection frequencies for our test at various nominal levels for
DGPs 1-2. The bootstrap p-values are obtained in two ways: one is based on the LL conditional

quantile regression, and the other is based on Cai’s inverse CDF estimator. When ¢ = 0, the
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Table 1: Finite sample rejection frequency for DGPs 1-2

DGP N § Bootstrap based on LL estimate Bootstrap based on inverse CDF
1% 5% 10% 1% 5% 10%

1 100 0 0.008 0.032 0.088 0.012 0.056 0.130
0.5 0.052 0.164 0.256 0.208 0.376 0.488

1 0.752 0.864 0.908 0.904 0.960 0.968

200 O 0.008 0.036 0.076 0.020 0.048 0.112

0.5 0.192 0.412 0.528 0.496 0.716 0.796

1 0.996 1.000 1.000 0.996 1.000 1.000

2 100 0 0.004 0.036 0.080 0.012 0.052 0.104
0.5 0.020 0.092 0.168 0.032 0.128 0.220

1 0.728 0.884 0.944 0.744 0.916 0.956

200 O 0.004 0.048 0.080 0.004 0.052 0.112

0.5 0.044 0.136 0.216 0.040 0.156 0.240

1 0.988 1.000 1.000 1.000 1.000 1.000

corresponding rows report the empirical level. We summarize the main findings from Table 1.
First, the level of our test is fairly well behaved, and it can be close to the nominal level for sample
sizes as small as N = 100. When N increases, the level generally improves somewhat. Second,
the power of our test is reasonably good. It increases quickly as either § increases or the sample

size doubles. Third, the inverse CDF method generally outperforms the LL method.

5.2 Time-varying Unobservables and Unobservable Attributes

We consider the following three DGPs:

DGP 3. Vi =1+ Xyt + (1 +0X4it) Bi + o€z

DGP 4. Yy =4/0.4+ X2B; — 5Bz‘2‘P(0,0.5) (Xit) + oci

DGP 5. Yit = ¢(9,0.5) (Xit) + (0.6 + 0.15X;1) €3 + (1 + 6 X4t) By,
where for i = 1,....N, t = 1,...,T, B; = A; and X;; are generated as in DGPs 1-2; ¢; is IID
N (0,1) across ¢ and t, and independent of X, and B; for all 4,t, j, s; and o is taken to ensure
that the signal-to-noise ratio in DGPs 3-4 is 1 across all simulations. The structures in DGPs 3-4
are partially nonseparable, whereas that in DGP 5 is fully nonseparable.

To construct our test statistic, we need to choose the weight functions w; (+), 7 =1,2,...,7.
For fixed 7, let gy = —o0, g7 = 00, and let ¢, denote the sample 7/7-quantile of {X;;,1 <i < N,
1<t<T}for1 <7 <7 —1. Then let

wr (th) = 1{@7—1 < Xit < gT}a T = 1727"'77.'

Under Assumption C.2(i) we can show that the sample quantiles estimate their population analog
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at the rate (N T)_l/ 2 so this estimation error plays an asymptotically negligible role in our
analysis.

As remarked earlier, the asymptotic distribution of Jy1 depends on the sequence of eigenvalues
{A;}, which is difficult to estimate accurately in practice. Further, our asymptotic theory relies
on T/N — oo as N — oo, which may appear too strong for many applications. Nevertheless,
we can circumvent both issues using a suitable bootstrap method. Specifically, we propose the

following procedure to obtain bootstrap p-values for the Jyr test:

1. For ¢ = 1,...,N, set BN,T,z’ = FN,T(YT,i), where Yp,; = 71 Z?zl Y, and FN,T(') =
NTUSL Y <)

2. Fori=1,...,N,and t = 1,...,T, estimate g(XZ-t,BMT,i) using the local linear regression of
Yir on (X, B ~,7,;) and by imposing the monotonicity of g (x,b) in b (details given below).
Let g( X, BN,T,i) denote the estimate.

3. Let & = (&i1,...,8i7)", where &; = Yy — g(Xit,BMT,i). For i = 1,...,N, randomly draw
ef from {&1,...,En} with replacement. Let €}, denote the tth element of £f. Generate Y}
according to®

Yii = §(Xa, Byyra) + ey

4. Compute the bootstrap test statistic Jx, in the same way as Jyr using {(Xu,Y};), 1 <
i<N,1<t<T)}.

5. Repeat steps 3 and 4 B times to obtain B bootstrap test statistics {J]"{,TJ}f:l. Calculate
the bootstrap p-values p* = B! Ele 1{J}§7T7j > Jnr} and reject Hy if p*is smaller than

the prescribed level of significance.

We impose the null hypothesis of monotonicity in Step 2. There exists a vast literature
on the problem of estimating a monotone regression function. See, e.g., Dette, Neumeyer, and
Pilz (2006, DNP) and the references there. DNP consider kernel estimation of a monotone
regression function that is a function of a single variable. Compared to other approaches, theirs
has the great advantage of simplicity, as it does not require constrained optimization; further, it is
asymptotically equivalent to the unconstrained kernel estimate. Here we modify their procedure
to allow another variable (X;; here) to enter the regression function non-monotonically. This

procedure has three steps:

3This method also works for the fully nonseparable structure, where Yi; = g(Xit, eit, Bi) with (X, i) L Bs,
as in DGP 5. Let g(Xit,Bi) = E(Kt‘Xit,Bi) = E[g(Xit,Eit,Bi”Xit,Bi] . Then Y;; = 7(Xit,Bi) + Eit, where
€it = Yit — g (Xit, Bi), and g (z,-) is monotone for all x provided g(z,¢,-) is monotone for all (z,e). This ensures

that we can generate the bootstrap analog of Y;: using estimates of g for the fully nonseparable case.
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Table 2: Finite sample rejection frequency for DGPs 3-5 (6 = 0)

DGP N T 5% test 10% test
T=2 T=3 T7T=5 T=10 T=2 T=3 T=5 T=10
3 50 50 0.116 0.080 0.080 0.084 0.176 0.144 0.144 0.160

50 100  0.084 0.060 0.044 0.032 0.180 0.140 0.120 0.128
100 50 0.068 0.072 0.036 0.028 0.124 0.132 0.116 0.096
100 100  0.048 0.064 0.024 0.028 0.112 0.112 0.092 0.072

4 50 50 0.156 0.072  0.068 0.036 0.248 0.156 0.136 0.064
50 100  0.084 0.080  0.084 0.036 0.180 0.160 0.148 0.116
100 50 0.088 0.044  0.020 0.016 0.180 0.120 0.052 0.052
100 100  0.076 0.036  0.032 0.016 0.124 0.084  0.060 0.028

) 50 50 0.100 0.012  0.024 0.032 0.184 0.048 0.052 0.084
50 100  0.092 0.028  0.032 0.032 0.180 0.056 0.076 0.116
100 50 0.084 0.024  0.008 0.024 0.140 0.060 0.028 0.060
100 100  0.080 0.012  0.012 0.028 0.132 0.032 0.024 0.080

Step 1. Let J be a large integer such that J — coc as N — o0. Fort=1,....N,t =1,...,T,
and j = 1, ..., J, compute the conventional local linear estimate g (X;;,j/J) of g (Xit,j/J) by using
the product of Gaussian kernels (k) and bandwidth (h = (hy, hy)) chosen according to Silverman’s
rule of thumb.

Step 2. Fori =1,...,N and t = 1,..., T, obtain the estimate =% (X, z) = (Jhq) ™! Z}‘le f_zoo
k (h;'[g (Xit,5/J) — b]) db, which estimates the inverse function g~ (X, -) at 2, where the inverse
is taken with respect to the second argument of g for fixed Xj.

Step 3. Compute the estimate §(X;, BMTJ-) =inf{z: g7 (Xu,2) > BMTJ-}.

Under conditions similar to those of DNP, we can show that §(Xj, B N,T,i) is asymptotically
equivalent to g(Xj, BN,TJ'), although only the former is guaranteed to be monotone in its second
argument. In the simulations, hy = h%, and we choose J = 40 to save computation time.

Tables 2-3 report the empirical rejection frequencies for the Jyr test at the 5% and 10%
nominal levels for § = 0 and 1, respectively. Here, we use 250 replications for each sample size
(N, T) and 200 bootstrap resamples in each replication. From Table 2, we see that the choice of
7 and thus the weight function w; (7 = 1,2,...,7) is important for the level behavior of the test.
For small values of 7 (say 2), the test tends to be oversized, but the size distortion becomes less
severe as either N or T increases. On the other hand, the test is undersized when 7, N, and T
are all large, giving a conservative test. Table 3 indicates that our Jy7 test has useful power in
detecting departures from monotonicity in unobservables. The power performance also depends
on the choice of 7. Choices of 7 that are too small or too large may have adverse effects on

power performance. Also, both N and T affect the power: for DGPs 3 and 5, as N doubles, the
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Table 3: Finite sample rejection frequency for DGPs 3-5 (6 = 1)

DGP N T 5% test 10% test
T=2 T=3 T7=5 T=10 T=2 T=3 T=5 T=10
3 50 50 0.804 0.908 0.900 0.668 0.876 0.956 0.964 0.800
50 100 0.768 0.928 0.928 0.832 0.880 0.980 0.976 0.964
100 50 0.944 0.972 0.960 0.760 0.980 1 0.992 0.908
100 100 1 1 1 1 1 1 1 1
4 50 50 0.216 0.196 0.216 0.176 0.344 0.352 0.340 0.292

50 100  0.184 0.252 0.268 0.236 0.292 0.412 0.408 0.384
100 50 0.192 0.268 0.200 0.144 0.332 0.444 0.320 0.292
100 100  0.364 0.552 0.452 0.360 0.512 0.666 0.596 0.548

) 50 50 0.848 0.964 0.992 1 0.924 0.988 0.996 1
50 100  0.692 0.984 1 1 0.800 1 1 1
100 50 0.964 1 1 1 0.992 1 1 1
100 100 1 1 1 1 1 1 1 1

power increases regardless of whether T doubles or not; whereas for DGP 4, the power noticeably

increases only when both N and 7' increase.

6 Two Applications

In this section we apply the methods put forward here to two applications, one from finance and
one from consumer demand. They are meant to illustrate the power of our test to detect model
deviations from exogeneity and scalar monotonicity. We have selected these two examples, because
they are in a sense polar cases: In the finance literature, since Fama and French’s (1993) seminal
contribution, the emphasis is on reduced form explanation. Exogeneity is taken as given; our
test hence examines whether there is a single firm-specific “fourth factor” that impacts the firm’s
valuation. Commonly, such a factor would be associated with the firms’s quality or reputation.
Maintaining the assumption of exogeneity, our test becomes a test of scalar monotonicity.

In contrast, in consumer demand, the models are rather structural, and exogeneity is hence im-
plausible. Nevertheless, since the seminal work of Berry, Levinsohn, and Pakes (1995), monotonic-
ity in a scalar unobservable is commonly assumed. Typically, the unobservable is an unobserved
product characteristic, most often associated with quality. A recent reference that discusses non-
parametric identification with scalar monotonicity is Berry and Haile (2010). Maintaining scalar

monotonicity, our test becomes a test of exogeneity of the own price.
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6.1 An Application from Finance

A major advance in understanding asset return behavior is the Fama and French (1993) ("FF")

factor model of asset returns, which can be written
Vit = i + Bi Xt + 1y, (11)

where Yj; is the excess return of asset ¢ in period ¢ (net returns minus the T-Bill return); X; =
(RMRF;, SM By, HM L;)" is a vector of returns factors, where RM RF; is the period ¢ excess return
on a value-weighted aggregate market proxy portfolio, and SM By and HM L, are period t returns
on value-weighted, zero-investment factor-mimicking portfolios for size and book-to-market equity,
respectively, 7,; is an exogenous shock, «; is the asset’s idiosyncratic return ("alpha"), and the
elements of 3, are risk premia associated with the corresponding risk factors.

An extension of this model permits time-varying risk premia, 3, :
Vit = ci + B3 Xt 4 mye (12)

See, for example, Harvey (1989), Ferson and Harvey (1991, 1993), Jagannathan and Wang (1996),
and Ghysels (1998) for discussion of the importance of time-varying risk premia.
Here, we apply our monotonicity test to stock returns following a nonparametric version of

the time-varying Fama-French model,
Yit = 9(Xt, eit, Bi), (13)

where g;; corresponds to (n;;, 35) and B; corresponds to a;. Our theory allows, but does not
require, X; to also vary with i. The exogeneity condition is that (Xy,e;) L B;. This is plausible
if we think of B; (& «;) as a persistent attribute specific to firm 4, say, its firm culture, while
market factors X; are unrelated to the firm’s attributes, and we view ;1 (< (1, 35;)) as transitory
shocks like changes in firm management and in investor risk preferences that drive risk premia.
The other regularity conditions of our theory also plausibly apply to the stock returns data we
describe below, so we interpret our test as a test for strict monotonicity in B.

Although the monotonicity property is straightforward, it is important to understand the
possible reasons for rejection in the present context. One possibility is that a single B; interacts
with shocks, risk factors, and risk preferences determining risk premia in possibly complicated
ways. Another is that there are multiple firm-specific factors influencing asset returns. If either
possibility holds, then eq.(12) is not a correct description of the data generating process, so that
linear FF models with time-varying risk premia are misspecified, and there is no single persistent
factor that captures the firm’s attributes in a way that allows attaching a single permanent quality

factor to their returns.
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6.1.1 Data

Our factor data come from French’s webpage® and are merged with data from Yahoo! finance.
We obtained weekly stock price data for N = 50 companies randomly chosen from the S&P 500;
a list of the firms analyzed can be found in Table A.1 of the appendix. We limit ourselves to fifty
firms to ensure that 1" > N, while keeping computation costs manageable.

The data span a period of 7' = 610 weeks between 7/17/1998 and 3/26/2010. Note that when
querying Yahoo's "weekly" data, the listed date is for the beginning of the trading week (usually
a Monday), but the reported price is that week’s closing price (usually a Friday). The data from
French’s webpage reports a week’s last trading day’s data, and labels that observation with the
date of that week’s last trading day.

For each firm 4, we calculate returns in period t as Yy = [(Pi/Pi—1) — 1] — RF}, where Py is
the closing price (adjusted for splits and dividends) and RF} is the risk free return, also obtained

from French’s webpage.

6.1.2 Results

To apply our test procedure to the data described above, we use the following specifications:
The estimation method is local linear regression; the bandwidth is chosen by Silverman’s rule of
thumb, as in the simulations, but adjusted according to the number of continuous regressors. The
kernel is a product of Gaussian kernels. The weighting is performed as follows: we first calculate
(Xit e — X},)? for the k-th regressor (here X}, is the sample mean), then sum over the regressors
(indexed by k); we then use the quantile-partition weights based on this sum. The test statistic
is computed just as in the simulations, following exactly the same steps as in Section 5.2.

The results are summarized in Table 4. In all instances, we soundly reject the strict monotonic-
ity hypothesis. This implies that there is no single persistent factor that captures firm differences
in a way that corresponds to alpha. This calls into question the linear time-varying FF model and
suggests that additional effort might be profitably directed toward gaining a better understanding
of the relation between firms’ stock returns, firm characteristics, market factors, and investor risk
preferences. This also resolves a puzzle: why do countless studies find statistically significant
non-zero alphas if the market is in fact efficient? These results suggest a compelling reason: the
linear FF model, even with time-varying risk premia, is not an accurate description of the DGP.

Our procedure permits a more stringent test of this aspect of market efficiency.

1We obtained weekly Fama-French factor data from Ken French’s website: http://mba.tuck.
dartmouth.edu/pages/faculty /ken.french/data_library.html

The precise definitions of the factors can also be found here:

http://mba.tuck.dartmouth.edu/pages/faculty /ken.french/Data_Library/f-f factors.html
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Table 4: p-values for monotonicity test - asset returns

Bootstrap Replications N T p-values

T =2 T=3 T7=5 7 =10
B =200 50 610 < 0.005 < 0.006 <0.006 <0.005
B = 5000 50 610 0.0002  0.0002 < 0.0002 < 0.0002
B =10000 50 610 0.0001  0.0001 < 0.0001 < 0.0001

Note, however, that even with the failure of monotonicity, useful information about risk pre-
mia may still be recovered from nonparametric specifications of the sort used here. Although
monotonicity failure rules out identifying alpha, the further exogeneity condition X; L (B, i)
permits recovery of expected risk premia, such as E(Dyg(z,€it, B;)), where Dy = 0/0xy, even in
the absence of strict monotonicity, as implied by results of AM. Certain quantile effects may also

be of interest; these are identified by results of Hoderlein and Mammen (2007).

6.2 An Application from Consumer Demand

In contrast to finance, in consumer demand exogeneity is a frequently criticized assumption, for
instance due to simultaneity (the firms base their price-setting behavior on expected demand,
but demand depends on prices), or due to omitted characteristics of the product. However, it
is often argued that this endogeneity is due to a product-specific factor that may in fact enter
monotonically (Berry, Levinsohn, Pakes (1992); Berry and Haile (2010)). Hence, for the rest of
this section, we maintain the assumption that scalar monotonicity holds. Note that our general
nonseparable approach is ideally suited to this problem: as we are considering an aggregate

consumption relationship, we face, in general, a highly nonlinear relationship.

6.2.1 Data

The data are supermarket scanner data collected by Information Resources, Inc. (IRI). The
scanner data consist of variables measuring price, quantity, and promotional variables for the full
range of available RTE cereal products on a weekly basis, for three years beginning January 2005
and ending December 2007, so that 17" = 156. The data have a panel structure, where the cross-
section dimension is a particular supermarket retail chain operating in a particular geographic
market. For example, San Diego is represented by three major chains; these are three distinct
cross-section units. The cross-section dimension is N = 70 supermarket-city pairs. We analyze the
top-selling product for each of the five manufacturers. Table A.2 presents a variety of summary
statistics for quantity-weighted market share, price, and promotional variables.

Although there are some differences, IRI’s definition of a geographic market is roughly equiva-
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Table 5: p-values for endogeneity test - cereal

Product N T p-values

T=2 T=3 T=5 T=10
G MILLS CHEERIOS 1507 70 156 0.0 0.0 0.0 0.0
KELLOGG FROSTED FLAKES 200Z 70 156 0.0 0.0 0.0 0.0
POST HNY BNCHS OF OATS REG 160Z 70 156 0.0 0.0 0.0 0.0
QUAKER LIFE REGULAR 210Z 70 156 0.110 0.185 0.0 0.0
STR BDS RAISIN BRAN 2007%Z 70 156 0.0 0.0 0.0 0.0

lent to the Census Bureau’s metropolitan statistical area (MSA) or combined metropolitan statis-
tical area (CMSA). This is convenient for merging income or demographics data with the scanner
data. Here, we merge income data from the Bureau of Labor Statistics (BLS). Specifically, we
obtain average weekly wage data for each geographic market from the BLS’s Quarterly Census of
Employment and Wages (QCEW) database. Wage data are collected quarterly, so although the
scanner data contains data at a weekly frequency, the QCEW wage data is only updated quarterly.
Although we could merge additional demographic information from the Census Bureau, due to
the nonparametric setup, we focus only on those explanatory variables that have the strongest
impact in Megerdichian’s (2009) parametric study. See Megerdichian (2009) for further details on
the data used here.

6.2.2 Results

In implementing the test, we have applied specifications nearly identical to those of the finance
application. The dependent variable is quantity-weighted market share and the explanatory vari-
ables are price, promotions (ranging between zero and one; see Megerdichian, 2009), and weekly
wage. Table 5 gives the test results.

As is obvious from these results, exogeneity is widely rejected. For all but one product the
p-values are virtually zero. (To save space, we report "0.0" as a shorthand for p < .005.) Only for
“Quaker Life" do we have some evidence that endogeneity might not be an issue, though at higher
values of 7 we also obtain rejections. A Bonferroni-Hochberg test (Hochberg, 1988) of multiple
hypotheses applied to all results in this row gives p < .005. Assuming monotonicity and using our
general nonparametric test, we conclude that endogeneity is indeed the issue the demand and 10
literatures believe it to be. This simple model thus does not properly address confounding effects
and the simultaneous structure typical in this literature. We leave a more elaborate approach,

closer to the structural IO models now common in the literature, for future analysis.
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7 Summary and Concluding Remarks

Monotonicity in a scalar unobservable is a crucial identifying assumption for an important class
of nonparametric structural specifications accommodating unobserved heterogeneity. Tests for
this monotonicity have previously been unavailable. Here we propose and analyze tests for scalar
monotonicity using panel data for structures with and without time-varying unobservables, either
partially or fully nonseparable between observables and unobservables. Our nonparametric tests
are computationally straightforward, have well behaved limiting distributions under the null, are
consistent against relevant and precisely specified alternatives, and have standard local power
properties. We provide straightforward bootstrap methods for inference. Some Monte Carlo
experiments show that these reasonably control the level of the test, and that our tests have
useful power. We apply our tests to study asset returns and demand for ready-to-eat cereals.

For clarity, and to maintain a manageable scope for the analysis here, we focus throughout
on the strictly exogenous case. As we show, when exogeneity is not a maintained assumption,
then our tests detect either non-monotonicity or exogeneity failure. Thus, it is important to
explore whether rejection may be due to the latter failure. For this, one can relax exogeneity
to conditional exogeneity, where one maintains that, e.g., X; is independent of A, given control
variables, Z; (Xy L A | Z;). The analysis of this case is rather more involved, but, as we show
in Hoderlein, Su, and White (2010), analogous results and methods apply in this case as well.
As in the analysis of this paper, we abstract there from panel dynamics. An interesting topic for
further study is to examine whether and how tests for scalar monotonicity can be conducted in
dynamic panel structures.

Another interesting topic for future research is to pursue our suggestions at the end of Section
4 about testing whether the structural function is partially nonseparable and refining estima-
tion for the partially nonseparable case treated by E. Finally, there is a considerable variety of

opportunities for applying these tests and their further extensions.

8 Mathematical Appendix

Proof of Proposition 2.1 For all (z,y) € X x ), we have
Flyls) = PY <y|X =] = Pm(X,2) <y| X = a]
= Plmiz.e) <) = | Lm(r.e) <y} de
= Mmg'(—o0, 9]},
where A denotes Lebesgue measure and m; (—oo, 3| is the preimage in I of the half-ray (—oo, ]

under m(z, -). The second line uses X 1 ¢ and ¢ ~ U[0, 1].

26



Let x be given. If m(z,-) is strictly increasing, m,!(—o0,y] = (0,m (z,y)] and F(y | ) =
m~Y(z,y) for all y. By our convention, this also covers m(z,-) strictly decreasing.

Now suppose that m(z,-) is not strictly increasing. First, suppose that m(x,-) is invertible,
and also suppose F(y | ) = m~!(x,y) for all y. The monotonicity of F(- | ) and the invertibility
of m~Y(z,-) imply that m~!(z,-) is strictly increasing. But this implies that m(z,-) is strictly
increasing, a contradiction, so F(y | z) # m~!(z,y) for some y.

Finally, if m(z,-) is not invertible, then m~!(z,-) is a correspondence, not a function. But
F(-| x) is a function, so F(y | ) = m~!(z,y) cannot hold for ally € Y. W
Proof of Proposition 2.2 (i) The existence of the Borel isomorphism v : R — I such that
e = v(U) ~U[0, 1] is a well known straightforward consequence of the Borel isomorphism theorem?
(see, e.g., CSZ, p.417, or Dudley (2002, theorem 13.1.1)). It follows immediately that ¥ =
H(X,U) = ¢(X, v Ho(U)]) = ¢(X,v71(e)) a.s. (i) If X L U, it follows from Dawid (1979,
lemma 4.2(:)) and € = v(U) that X L e. Conversely, if X L ¢, it follows from Dawid (1979,
lemma 4.2(i)) and U = v=1(g) that X L U. W

Proof of Proposition 2.3 (i) Because V is nonatomic on I, there exists a Borel isomorphism
¢ such that e = p(V) and € ~ U[0, 1]. Thus, ¢ and m(X, ¢) = g(X, ¢~ (g)) satisfy the conditions
of Proposition 2.1, and the result follows.

(ii) Given A.1, we can apply Proposition 2.2 to verify that ¢(x,v~1(-)) has the measurability
properties required for g(z,v(z,-)), and that V' = v(U) is uniformly distributed on I, hence
nonatomic. Accordingly, we take g(z,-) = ¢(x,v"1(-)). Then for all (z,y) € X x Y,

Flylz) = PY <y|[X=2z]=Plg(X,V)<y[X =z

1
- /0 1{g(e.v) < y} dF(v | 2)

= ulg, (—o0,y] | .

As V is not independent of X, there exists X* C X, P[X € X*] > 0, such that for all z* € X™*,
V| X = z* is not U[0,1]. Let any z* € X be given. If g(x*,-) is strictly increasing, then for all
y €V, gt (—00,y] = (0,971 (@, y)]. But F(- | 2%) = ul(0, g7 (&%, )] | *] # g~ (a%,-), as - | o]
is not Lebesgue measure on I.

Next, suppose that g(z*,-) is not strictly increasing. First, suppose that g(z*,-) is invertible,
and also suppose F(y | *) = g~!(z*, -) for all y. The monotonicity of F(- | #*) and the invertibility
of g~!(z*,-) imply that g~'(x*,-) is strictly increasing. But this implies that g(z*,-) is strictly

increasing, a contradiction, so F(- | z*) # g~ !(z*,-). Finally, if g(z*,-) is not invertible, then

’We thank Max Stinchcombe for pointing this out.
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g~ 1(x*,-) is a correspondence, not a function. But F(- | z*) is a function, so F'(y | 2*) = g~ 1 (a*,y)

cannot hold forally € Y. W

For any Borel set G of R? we define P[G] = P[X; € G], t = 1,...,T. For any Borel set H
of xR we define P r[H| = P[(X1,...,Xr) € H]. The requirement imposed in (ii) below
that the product measure Py P»--- Pp is absolutely continuous (<) with respect to the joint
measure Py 7 ensures that sets with positive P1 P - - - Pr measure have positive P; 7 measure.
This rules out extreme forms of dependence (e.g., X1 = X2 a.s.). In (ii), we also require that
P[Y; = h(B)] < 1 for all measurable h, t = 1,...,T, where B is a function only of A. This rules

out the trivial case in which Y; =--- =Y a.s.

Theorem 8.1  Suppose Assumption B.0 holds. Let the X;’s have common minimal support X,
and write B = B(A).

(1) Suppose (a) g(Xy,-) is strictly monotone a.s., t = 1,...,T; and (b) Xy L B, t = 1,...,T.
Then B=F(Y; | X¢) a.s.,t=1,...,T.

(13) Suppose that X contains at least two points, that Py P --- Pr < Pi 7, and that P}Y; =
h(B)] < 1 for all measurable h, t = 1,--- ,T. Suppose either (i.a) or (i.b) does not hold. Then
PFA(Yh | X1) =+ =Fp(Yr | X7)] < 1.

Proof of Theorem 8.1 We give the proof for T' = 2. The proof for T' > 2 is similar.

(7) Suppose (a) and (b) hold. Without loss of generality, we treat the case where g(X4,-) is
strictly increasing a.s.; the strictly decreasing case is handled by replacing g(X¢, ) with —g(Xy, -).
Given (a) and (b), Proposition 2.3(z) applies, as the measurability of 5 and the nonatomicity
of A ensure that B = $(A) is nonatomic, and the other conditions hold by assumption. This
gives ¢71(X1,Y1) = F1(Y1 | X1) a.s. and ¢ 1(X2,Y2) = F3(Y2 | X3) a.s. From (a), we have
g YX1,Y1) = B =g }(X2,Y32), so

Fl(Yi | Xl) = FQ(}/Q ‘ Xg) a.s.
Further, X; | B, t=1,2, ensures that for all (z,y) € X x ),

Fi(y |z) = Plg(X1,B) <y|X1=2a]=Plg(z,B) <y
= Plg(X2,B) <y | Xz =a]=F(y|2),

so I = F5 = F,, say, which implies
B:F(Yl |X1) :F(Y2 |X2) a.s.

(73.1) First suppose that strict monotonicity a.s. (i.e., (a)) holds, but (b) fails, so that (X1, X3) L
B. Again we explicitly treat only the strictly increasing case. Then B = g~1(X1,Y7) = g7 1(Xa, Y2).
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By the the proof of Proposition 2.3(iz), we also have
B
B X)) = w08 %] = [ dAe|X)
0

B
B(Ya| X2) = (0, B]| Xa] = /0 dFs(b | Xa),

where Fy(b | z) defines the conditional CDF of B given X; = z. Letting F} 2(b | x1,z2) define the

conditional CDF of B given X1 = x1, Xo = 2, we have

PIFI(Y1 | X1) = Fa(Ya | Xo)] = Pl [(0, Bl | X1] = p2[(0, B] | Xa] |
=1—=P[u[(0, B] | Xa] # n2[(0, B] | X2] |

1
—1 / [ / 100 [(0,8] | 1] # 1o[(0,8] | 22]} dF1a(b | @1, 22)] dF (21, 3).
XxX JO

The desired result follows if the integral in the expression above is positive.

To simplify notation, write

1
pp (1, 22) E/o {1 [(0,0] [ 1] 7 po[(0, 0] | o]} dF12(b | 1, 22),

Then
1
/ / 11 [(0,8] | 2] # io[(0.5] | 22]} dFya(b | 21, 22) dF (a1, 22)
XxX JO

=/ pp(r1,z2) dPr2(z1, 72).

The desired result follows from corollary 4.10 of Bartle (1966) (i.e., for integrable f > 0, [ f
dp=0iff f =0 p — a.e.), provided pg(x1,z2) is positive on a set of positive P; ;—measure.

To show this, let X; = {x € X : ;[ - | ] # A(-)} and Xf = X\ A;. By assumption, P;[X;] > 0
or P3[X5] > 0. Without loss of generality, take Py[Xs] > 0; then 0 < P;[AX;] < 1. Two cases exhaust
the possibilities: either Pj[X;] = Pa[X2] = 1 or not. First, suppose not; we take P;[Xf] > 0. This
covers the cases 0 < Pi[X;] < 1 and 0 < Pa[X5] < 1. Then pp(x1,22) > 0 on Xf x Xa. (If not,
x9 & Xo.) Because Pi Py < Py o, PIPy(X] x Xp) = Pi(A]) Pp(X2) > 0 implies Py o(Xf x X2) > 0,
as was to be shown.

The remaining case is P[] = 1 and P[] = 1, i.e. &) = Xo = X. Suppose [ ug(z1,z2)
dPy 2(z1,22) = 0. Then by Bartle (1966, corollary 4.10), ug(z1,22) = 0 P2 — a.e., which further
implies 1[(0,0] | z1] = py[(0,0] | 2] for almost all b, 21, and z3. Since X contains at least two
points, this can only hold if there exists 1, say, such that p;[(0,0] | 1] = ps[(0,0] | z2] = 1,[(0, b]],
for almost all b, 1, and z9. If g = A, this is a contradiction. If py # A, a further monotone
transformation of B can be applied without loss of generality to ensure py = A. But this is again

a contradiction. Thus, [ ug(z1,z2) dPya(x1,22) > 0.
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(73.2) Now suppose that (a) fails. Since
PIF(Y1 | X1) = Fa(Y2 | Xo)] =1 = P[Fi(Y1 | X3) # Fa(Y2 | Xa)),

the desired result follows if P[F;(Y7 | X1) # Fa(Ys | X2)] > 0.

From the proof of Proposition 2.3(i%), we have

RY: | Xy) = pdgx (=00, Yy | Xo} = p{gx! (00, 9(Xs, B)] | Xy}
= Ct(Xt,B)ECt.

Since (a) fails, there exists a set Xy C X with P;[Xp] > 0 or Pa[Xp] > 0 such that when X; € Xy,
9(Xt,-) is not strictly monotone. When P[Xp] > 0, P[C; = B | X; € Ap] is defined, and we have

0<P[Ci=B|X:e€ <1
When P[] > 0, P[C; = B | Xy € Af] is defined, and we have

Without loss of generality, take P[Xp] > 0; then 0 < P;[Ap] < 1. Two cases exhaust the
possibilities: either Pj[Xp] = P2[Xp] = 1 or not. First, suppose not; we take P;[X{§] > 0. This
covers the cases 0 < P[Ap] < 1 and 0 < P»[Ap] < 1. We have

PIF(Y1 | X1) # F(Y2 | Xo)] = P[C1 # Cs
> P[(C1 # C) N (X7 € AF) N (X2 € &)
= P[(Cl = B) N (B # Cg) N (X1 € XOC) N (XQ S Xo)]

Now

PiR[(Cr = B)N (B # C2) N (X1 € &) N (X2 € Ap)]
= h[(C1 = B) N (X1 € &7)] P[(B # C2) N (X3 € Ap)]
= PI[X§] P2[Xo) (1 — Po[B = Cy | Xa € &])

>0,

as Pi[X§] > 0, P2[Xp] > 0, and P[B = Cy | X3 € Ap] < 1. Because P P,< P, 2, it follows that
P[(Cy = B)N (X1 € X5)N (B # Co) N (Xa € Xy)] > 0. Thus, P[F(Y1 | X1) # F(Ya | X2)] > 0, as
was to be shown.

The remaining case is Pi[Xp] = 1 and P[AXp] = 1, ie., Ay = X. Again, we must show

P[C; # C5] > 0. Suppose not. Then for almost all b, x1, and x2, we have c¢1(z1,b) = ca(x2,b).
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Because Xy = X contains at least two values, this can hold only if ¢1(z1,b) = ca(x2,b) = co(b),
say, for all (z1,29,b) € X x X x B, B = supp(B). This can hold only if: (i) X; L B, t = 1,2;
and, because for each x € X, g(z,-) is not strictly monotone, (i7) g(z,b) = go(b), say, for all
(z,b) € X x B, i.e., P[Y; = go(B)] =1, ¢t = 1,2. But this contradicts our assumption that there is
no such gg. Thus, P[C} # C3] > 0, as was to be shown. B

Let D"F; (ylz) = 0" F (y | ) /0" @y ---04xy for + = (rq,...,rq) with |r| = p 4+ 1. Let

. > 1 .
A (9:2) = F (01X i)~ Socigicp 3 DIF (412) (X1 — 2 = X5 psn & [ DIFu(yloto (X — o)
(1 — ’U)p dv (th — LB)J s and Ajt,fi = Ajt (Y;h th) . Recall SNt (th) = ﬁ E;V#Z Kji,tht,fi X!

Jtvil :
Define

N
1 _
Vit (Zie) = ﬁZKJi,tXﬂ,—ilYu (Zjt) and
i
. N
By (Zy) = N_1 Kji1 Xt —iDjt,—i.
J#i

Similarly, let Sy (z) = + Zjvzl Ki (Xt — ) Xje () Xt (), Ve (y,2) = + Z;V:1 Kp(Xjt —
)X ()1, (Zj), and Byt (y,2) = + Zévzl K (Xt —x) Xj¢ () Aji (y,x) . Note that Sy (z) =
E[Sn: (z)] and that S; (X;;) gives the expectation of Sy (X;) with respect to all elements but
Xir. Let By (z) = E[]§ ~t (z)]. The following lemma establishes the consistency of Fy (Yie | Xit)
uniformly in (4,%) .

Lemma 8.2 Suppose Assumptions B.1-B.5 hold. Then uniformly in (i,t) we have: (i) Fyy (Yie| Xit)
—Fy (Yi| Xit) = €4St (Xit)] " Vive (Zig) + €)[Se (X)) 71 By (Zig) + OP(V%V +unhPH); (i) FNt(Yit
| Xit) — Fy (Yie| Xit) = Op (v + hPTL) .

Proof of Lemma 8.2 Let Fy;(y | z) denote the version of the pth order local polynomial
estimator of Fy (y | z) that uses all N observations {Xit,}/;t}fil, kernel K, and bandwidth h.
Since [Snt ()] 71 St () = [Sne (Xit)] 'St (Xit) = Ir, an L x L identity matrix, we obtain the

following standard bias and variance decompositions:
Fne(y | ) = Fi(y | ) = ei[Sne (2)] 7' Vive (y,2) + €1[Swe (2)] ' Buve (v, 2) (14)
and
Frne (Yie | Xit) — Fy (Yae | Xit) = €)[Sne (Xit)] ' Vive (Zit) + €4St (Xit)) "Bwe (Zir) . (15)
By Theorems 2 and 4 in Masry (1996),5

Snit () = Si (x) + Op (vn) , Ve (y,2) = Op (vn) , and By (y,2) — By (y,2) = Op (vnhP™)

5The compact support of the kernel function K in Masry (1996) can be easily relaxed, following the line of proof
in Hansen (2008, theorem 4).
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where vy = N~1/2h=%2,/log N and the probability orders hold uniformly in = € X;. With
this and Assumptions B.4-B.5, it is easy to show that Sy (X)) = S (Xi) +Op (N_lh_d) =
S; (Xit) + Op (vy) uniformly in (4,t), as N"'h=¢ = o (vy) . This implies

[Sne (X)) ' = {Si (Xit) + [Sne (Xit) — S (Xat)] }_1 =[S (Xi)] "+ Op (vi). (16)

Proof. By the same arguments as used in the proof of theorem 4.1 of Boente and Fraiman (1991),

we can show that Vi, (y,2) = Op (vy) uniformly in (y, #) under Assumption B.3. It follows that
Vi (Yie, Xit) = Vive (Yie, Xit) + Op <N_lh_d) = Op (vn) uniformly in (i,t).  (17)
Similarly,

Byt (Yie, Xit) — By (Yie, Xiz) = Bt (Yit, Xit) — By (Yir, Xit) + Op (N_lh_d)

- Op <yNhP+1 + N*lh*d) . (18)

It follows that Five (Ve | Xot)—F (Yie | Xit) = €} [[Se (Xa)] ™' + Op (vn)] {V e (Xit) + [Be (Yae, Xit)
+0p (vn P+ N7} = €} [Sy (Xin)] " Vv (Yie, Xie) + €4St (Xan)] 7By (Yae, Xit) + Op (v
+vnhPT). This proves (i). Noting that S¢ (Xy) is p.d. a.s. and By (y,z) = O (hP*!) uniformly
in (y,z), we obtain (i7), given (17). =

Proof of Theorems 3.1 and 3.2
We only prove Theorem 3.2, as the proof of Theorem 3.1 is a special case. First, we decompose

h¥/2Dy as follows:
N . 2
2Dy = hd/zz [FNl(Yil | Xi1) — Fna(Yiz | Xio)
i=1
N
= K1Y IRV | Xa) - B(Ye | Xo)

i=1

N
. . 2
+ hi/2 Z {FNI(Yil | Xi1) — F1(Ya | Xi1) — Fne(Yiz | Xio) + Fa(Yig | XiZ)}
i—1

N
+2n42 Y [FM(YH | Xi1) = Fi(Yar | Xir) — Fva(Yaa | Xi2) + Fa(Yia | XiQ)}
i=1
x [F1(Ya | Xi) — Fa(Yaz | Xi2)]

= Dn1+4+ Dno+2Dys.

Under H; (N_l/zh_d/‘l) , we prove the theorem by showing that (i) Dy il o, (1) Do — By 4,
N (0,03), (iii) Dng = op (1), (iv) By = By +op(1), and (v) 6% = 02 + op(1). For (i),
Dy1 = N 'S2N 65(Zi)? = g + op (1) under H; (N~Y/2p=d4/4) Tt remains to show (i4)-(iv).
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To show (i7), we first apply Lemma 8.2 to obtain

Dy2 = h%? Z {ei[81 (Xi)] 7' Vv (Zia) — €i[S2 (Xia)] "' Vina (Zi)
+ € [81 (X)) 7'B1 (Zin) — €4 [82 (Xi2)] ' Ba (Zi2) + Op (v + wwh?Hh)
= 2 Z {181 (Xi)] ' Vvt (Zin) — €182 (Xio)] "' Viva (Zin)}
+ 214/ Z {e[S1 (X)) 7' VN (Zin) — €i[S2 (Xi2)] 7' Vina (Zi2) }

x {€1[S1 (Xi)] 7' B1 (Zi1) — €4[S2 (Xi2)]'B2 (Zi2) }
N
+ W2 Y {el[81 (X)) ' B1 (Za) — €[S (X)) B2 (Zio) }
=1
+ Nh¥20p (Vi + Nk Op (vn + WP

= Dno21 +2Dn22 + Dnasz +op (1) (19)

where the definitions of Dy91, D22, and Dpya3 are self—evident. Using the notation defined above

/ _
eq. (6), we have Do = hd : ™17 ZZ 1 {Zﬁél (Zi, Z,; )} ,where ¢ (Z;, Z;) = Ky x,, (Xj1 — Xi) 1y,
(Zjl) — K2,X1~2 (ij — Xlg) lyl2 (Z ) Decompose

hd/2 N N N hd/2 N N

Dot = QZZZ (Zi, Z3) s(Zi, Z1) + QZX} Zi, Z;)?
1=1 j#i k#i,j i=1 j#i
= VN+BN, say.

Let §(Zi, Zj, Zx) = [s (Ziy Z5) s (Zi, Z) + s (Zj, Zi) s (Z, Zx) + S (Zky Zi) S (Zk, Z5)] /3. Then

hd/Q N N N

Vy = 2222 (Zi, Zj, Z)

1=1 j#i k#i,j
Ghd/2 N (N —2) -
= ﬁ Z f(ZiaZj’Zk) = %V]\ﬁ
(N—-1) 1<i<j<k<N

where Vy = W Yi<icj<k<n S (Zi, Zj, Zy;) . Note that for all i # j # k, 0 = E[S(Z;, Zj, Zy))

=0,51(2) = E[5(2,Z;,Z)] = 0, and S2(2,2) = E[5 (2,7, 2Z)] = $E[c (Zk,2) < (Zg, 2)]. Let
S3(2,2,2) =5(2,2,2) — 32 (2,2) —S2(2,2) —S2 (2, 2) . By the Hoeffding decomposition,

Vy =3HY + HY,

— _2h%/2 6ha/2
where H](V) = N(N-D) Y1<icj<n 52 (Zi, Zj) and H](V) = WZl<z<]<k<N <3(Zi, Zj» Z)-
Noting that E[S3(z,2,7Z;)] = 0 and that 3 is symmetric in its arguments by construction,
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it is straightforward to show that E[H](\?)] = 0 and E[H](\;))]2 = O (N73h~%). Hence, H](\?) =
Op (N —3/2p—d/ 2) = op (N _1) by the Chebyshev inequality. It follows that Vy = N](\,A:m Vy =
{1+0(1)}Hn +o0p (1), where

ohd/2 B Qpa/2
Hy = N Z 3 <o (ZZ',ZJ'):T Z /§(Z7Zi)§(zazj)dF(Z)'

1<i<j<N 1<i<j<N

Noting that Hy is a second order degenerate U-statistic, we can easily verify that all the conditions

of theorem 1 of Hall (1984) are satisfied and a central limit theorem applies to Hy :
Hy % N (0,02),

where the asymptotic variance of Hy is given by o3 = limy_eo U?V and

2

O'?V thEiEj [/ §(Zi,2)s(Zj,2)dFz (%)
= 20'EE; [/ {Kix, (21 — Xia) 1y, (Zin) — Kax,, (w2 — Xi) L, (Zi2)}
_ _ 2
x {K1,x;, (21— Xj1) 1y, (Zj1) — Ko x;, (22 — Xj2) 1y, (Zj2) } f2(2) dZ} ;

where z = (yl,w’l,yz,xg)' and F; denotes expectation with respect to Z;. By straightforward

calculations, we can show that 0% = Zle o3, + 0 (hd) where for t =1, 2,
O-?Vt = 2thiEj [/ Kt,Xit (xt - Xit) iyt (Zit) Ktht (1“75 - th) iyt (th) dFZt (Zt)]2'
Using the notation above eq.(6), we have

_ = 11— [ T —Xz' —
o = 2h 3dEiEj/[€’1[Sl (X)) '; <lhl> 1, (Zi1)

1 o« f{T1—Xj1\ = 2
< el 001w (P15 ) T (230 f (o) |

12

- e Xa—Xa\ g _
B [ |48 (ol o (a4 ) 8 (e

_ _ 2
x 1y, (Zi1) 1y, (Zj1) fz, (Y1, Xir) dy1d:i1]

— o iEE / / {e'l[sl (X (Xﬂ;)“) & (le)]lel}Qiyl (Zi) 1;, (Zn)

X Ly, (Zj1) 1y, (Zj1) fz, (1, Xi1) [z, (91, Xir) dyrdi]

= 9k~ dEE —1-—% le_Xil Q -1 ’ 2 77
— AR = [S1(Xj1)] "er ¢ o7 (y1, 915 Xin)

x a3 (y1,91; Xj1) fz, (y1, Xi1) fz, (91, Xi1) dy1din ]
2F [///7721 20t (y1, 913 Xa1) fz, (w1, Xa1) fz, (91, Xar) fx, (Xar) dyr dijy dw] :

12
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Similarly, 0%, = 2E [fffmz () 05 (y, 7 Xi2) 2, (v, Xi2) fz, (0, Xi2) fxp (Xio) dy di dﬂﬁ] +o(1).
It follows that Vi <5 N (0,03) and

Do — By % N (0,062) . (20)

Let b (Z;) = €} {[S1 (Xi1)]7'B1 (Zi1) — [S2 (Xi2)] 'B2(Zi2)} . Then Dyos = Do — Doz,
where DN2271 = hd/? Z Leh[Se (X )]_1VNt (Zit) b(Z;) for t = 1,2. Write

N
Dpgzy = Nflhd/Zzze'l[gl(Xz‘l)]*lsz‘JXﬂ,—z‘im (Zj1)b(Z:)
i=1 j£i

N
+N RPN IS, (X0)] T K X iy, (Z1) b(Z:)
i=1
= Dp22,1a + Dn22,1p, say.
Noting that b(Z;) = Op(hP*!), it is straightforward to show that D901, = Op(hPH1=4/2) =
op (1) . Noting that E' (Dy22,1,) = 0 and E(D]vala) = O(th+2(p+1)) =o0(1), we have Dygg 14, =
p (1) by the Chebyshev inequality. Similarly, we can show that Dy9221, = op (1) and thus

Dpa21 = op (1). By the same token, Dygg 2 = op (1) . It follows that

DNQQ = op (1) (21)

By Lemma 8.2 and Assumption B.5, we have Dyg3 = Nh%20p(h2Pt1)) = Op(Nh2p+1)+d/2)
= op (1). This, in conjunction with (19), (20) and (21), implies that Dy — By 4N (0,03) .
Next, we show (i4i). By Lemma 8.2, under Hy (N~1/2h=9/%) we have

Dys = 1/2hd/42{e [S1(Xi)] "'V (Zin) — €1[S2 (Xi2)] ' Viva (Zi2) } 8 (Z

+ NTH2pd/ Z {€1[S1(Xi1)] ' B1 (Zin) — €4[S2 (Xi2)) "' B2 (Zi2) } on(Z
=1
+ NY2p440p (Vi + vkt

= Dn31 +Dpysz2+op (1) , say.
For the first term, let Dy31 = Dn31a + Dn3op, where Dyg1q = N™ 1/2hd/4z 61[81( 11)]71
VNl( il) 5]\[( 1) and DN32b = N~ 1/2hd/4z 61[82( )] 1VN2( 12) 51\[( ) By the leave—
one-out property of our local polynomial estimator and since Z; is IID, it is easy to show that

E [DN?)la] = 0. Now, write [DN31a]2 = dn1 + dno, where

N
dyi = N2> "B {81 (Xa)] 7 Vi (Za)}20%(Z:)] , and
i=1

N N
dyva = NN E{)[S1 (Xa)] ' Vvt (Zin) Vivi (Zj1) [S1 (Xj1)] " exdn(Z:)on(Z5)} -
=1 j#i
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For dpn1, we have

2

N N
dyi = N73pd/2 ZE ZKLXM (X1 — X)) vy, (Zia) p 0N (Zi)
i—1 ki

N N

= N7y Y B [{Kl,Xu (X1 — Xi1) Ty, (Zr1)}? 5?\7(20} =0 (N_lh_d/z) '

i=1 ki

_ n-3pd/25N N N N T T
Now dna = N72hY=3 0000 300 2 wri Doy B x (Xin — Xan) 1y (Zrn) Ko x,, (Xin—X51) 1y,
(Zn)on(Z;)on(Z;)]. Noting that the term with all four indices (¢, 7, k,l) distinct vanishes in
the last expression, it is is straightforward to show that dys = O (hd/ 2) . Hence, F [DNgla]2 =
0] (Nflhfd/2 + hd/2) =o0(1) and Dy314 = op (1) by the Chebyshev inequality. Similarly Dys1, =
op (1). It follows that Dyz; = op (1). Noting that By (y, ) = O (h?*1) uniformly in (y,z), we

have

N
Dysa = NV2RYYN " {ef (81 (Xa)] By (Zin) — €1[S2 (Xi2)] ' B2 (Zin) } 6n(Z:)

N
< NY2pd/4 Sy ()] 7'By (5, 2)| N7V " |on(Z
< tg?x}sgplel ¢ (€))7 By (y,2)| ;I N (

_ Nl/ghd/40 (hp+1) Op (1) — Op (Nl/th+1+d/4) =op (1) .

Consequently, Dys = op (1) .

We now show (iv). Noting that a? — b = (a—b)> + 2(a —b)b, we have By — By =
dys + 2dns, where dys = (jgd/f)z, SN SN g — dua)?, dva = hd/22 DDARD DA AP
Gijo)[Kix, (Xj1 — Xa) Iy, (Zj1) — Kaox,, (Xj2 — Xi2) Ly, (Z52)], aﬂd Gije = e1[Sne (Xa)] ™!
KjiiXje iy, (Zj1) — Kix,, (Xjt — Xit) 1y, (Zje) . Noting that [Sny (Xit)] ™' = [Se (Xu)] ™ +
Op (vn) and 1, (Zy) — 1, (Zs) = Fi(y | Xit) — Fne (y | Xir) = Op (vn + hP*1) uniformly in
(¢,t) and y, we have &;;; = €] St (Xit)]_lKthth,_i {iyit (Zjt) — 1y, (th)} +Op (vy) . It follows
that

2
dnal < Op (e + 120D ) e sup 18, @) QZZZ{HKmXﬁ -y

te{1,2} Py
= Op (ffd/2 (1/?\7 + h2<p+1)>> =op (1),

and
N

hd/2 2 N
ldna] < Op (VN —|—hp+1) max sup H S (x lH WZZZZ 1 K i e Xt —i|

te{1,2} = t=1 s=1 i=1 j#i
X ’Ks,Xis (st — Xis)|

— Op (h_d/2 (VN + hp+1)) =op (1)
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Consequently, By — By = op (1).
Lastly, to show (v) we define

p) — - - 2
o = N /Kt,Xit (ze — Xit) Ly, (Zit) Ko x;, (w0 — Xjt) Ly, (Zjt) [z, (z) dze|
i# -
2ht [ 1 & 1’
G = N, Nzeﬁ[SNt (X))~ K Xit, iy, (Zie) €4 1Sne (X)) ™ KXo, i1y, (Zjt) |
i LT =1 |
2ht [ 1 & 1
6 = N, Nzeﬁ[sm (Xi)] ™ Kt Xt i1y, (Zie) €4 [Snve (X)) ™ KXo iy, (Z3e) |
iAj L 1=1 |

where 2 = (yr,23), N2 = N(N—1),and }°,,; = PR Zj\;l By the uniform consistency of
Fy¢, we have 6%, = 62, + op (1). By (16) and the law of large numbers for U-statistics, we
can show that 6%, = 7%; + op (1) = 03, + op(1). The result then follows by noticing that
0% = Zthl % and ZtT:1 o =0p+o(l). W

Proof of Theorem 3.3

Using the notation defined in the proof of Theorem 3.2, we again write N~ 1Dy = N~1h~4/2 (Dn1

+Dp2 + 2Dp3). Under the alternative, it is easy to show that N-1p=d/2Dy, = E[F(Yi1|Xn) —
By (Yol Xi2)]? + op (1), N'h™42Dys = Op (V% + h2PHY) = op (1), and N7 h=42Dys =
Op (vn +h?*) = op(1). On the other hand, N"'h¥/2By = Op (N7!) = op (1) and 6% =
o2+op (1). Tt follows that N~Lh%/2Jy = (N"1h¥/2Dy— N—1hd/2 x By)/+/62 5 E[Fy (Y| Xi1)—
F»(Yi2| X2))% /00, and the conclusion follows. B

For the next result, let F'xy denote the CDF of the random variable X, and let Rt = [0, 00). Part
(7) shows that strict monotonicity of g(z,-) is preserved by weighted averaging over z. Part (i7)
shows that strict monotonicity of the weighted average can also occur when departures from strict
monotonicity of g(x,-) are sufficiently mild. Together, results (ii.1) and (4i.2) show that when
one weighting function places zero weight on the region where strict monotonicity of g(z, -) fails,

there is another weighting function that can detect sufficient departures from strict monotonicity.

Lemma 8.3 Let g : RY x I — R be measurable, let X be a random element of R, and suppose
that Elg(X,b)] < oo for allb € I. Let w: X — R be a bounded measurable function with [ w(x)
dFx(z) = 1.

(4) If (X, -) is strictly increasing a.s., then G, (+) is strictly increasing, where g, (-) = [ g(x,")
w(z) dFx(x).

(i1) If g(X,-) is not strictly increasing a.s., there exists a set X*, P[X € X*| > 0, such that for
each x € X*, g(z,-) is not strictly increasing. Let X)) = X*NAX,,, where X, = {z € X : w(x) > 0}.
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(1) Suppose P|X € X}] > 0. Then gw(-) is not strictly increasing if and only if there exist
0 < b} < b5 <1 such that

Jlat55) = g5 wo) 1o € X} dFx(a)
< [lgt@b) - g(a, 1) wie) Lo ¢ X} dFx(o).

(2) Suppose P[X € XJ| = 0. Then G, (-) is strictly increasing. Further, P[X € X,] < 1
so PIX & X¥] > 0, and, with X, = X\X, and X = X* N X,, we have P[X € X*] > 0.
Then there exists a bounded measurable function w : X — Rtwith [w(z) dFx(z) = 1 and
Xy =Xy ={z € X :w(zx)>0}. Let

3:0) = [ (o) 0le) dFx (o)
Then g (+) is not strictly increasing if and only if there exist 0 < b7 < b5 <1 such that
[lstw53) = w40 6(0) 1o € B} dFx(a)
<~ [lofw53) ~ g bD)] 00) 1o ¢ T} dFx (o).

Proof of Lemma 8.3 (i) Under the conditions given, [ g(z,b) w(z) dFx(z) < co for all b € L.
If g(X, ) is strictly increasing a.s., then for all 0 < b; < bg < 1,

Gu(bs) — Gulbr) = / 9(z,by) w(z) dFx(z) - / gz, b1) w(x) dFx ()
- / 9, b2) — g(z, b)) w(z) dFx(z)

> 0,

where the inequality follows from corollary 4.10 of Bartle (1966) as [g(z,b2) — g(z,b1)] w(x) is
positive on a set of positive measure.

(73)(1) By assumption, g(X, ) is not strictly increasing a.s., so there exists X*, P[X € X*| > 0,
such that for each x € X*, g(z,-) is not strictly increasing. Further, with X% = X* N &, we
assume P[X € X}] > 0. Then for the given 0 < b} < b5 <1,

Gu(b3) — u(¥}) = / lg(,b3) — g(, b)) w(z) dFx ()
- / (92 03) — g b7)] w(z) 1z € A%} dFx(z)

+ /[g(x,b’z‘) = g(z,b7)] w(z) Ha & Xy} dFx(z)

<0

)
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where the final inequality follows from the assumed properties of ¢g. This implies that g, is not
strictly increasing. Conversely, if there exist no such 67,03, then for all 0 < b; < by < 1,
Gw(b2) — gu(b1) > 0, so g, is strictly increasing. (2) If P[X € X] = 0, then the argument of
part (i) gives that g, is strictly increasing. Further, p,, = P[X € &,,] < 1, as otherwise it must
be that P[X € X*] = 0, violating our assumption. Then 1 — p,, = P[X & X,] > 0, and we
can let w(z) = 1{z : 2 € Xy}/(1 — py). This choice for @ is measurable, bounded, and [ @(z)
dFx(z) = 1, ensuring that gg is well defined, that X, = X3 = {z € X : @w(z) > 0}, and that
P[X € X*] > 0. For the given 0 < b% < b5 < 1, the argument of part (1) now applies to give that

g 1s not strictly increasing. The converse argument is also identical to part (1). W

For the next result, we impose Assumption C.0 and write B = [(A). For convenience, let
{X¢,e¢} be identically distributed. For succinctness in what follows, we drop the t subscript.

Provided the necessary moments exist, we have
Y; = E(Y w.(X) | B) = g-(B) +&-(B), where now

g-(B)=E(9(X,B) w,(X)| B) and &,(B)=FE( w(X)|B).

We let F, denote the CDF of Y;. Note that for simplicity, we defined g, in the text in a manner
that incorporated X L B; here g, explicitly does not rely on this.
In part (i) of the next result, we assume X 1 B and ¢ L B | w.(X) for all 7 € {1,...,7},

ensuring that &, = £,(B) is constant. We define the function 7, : I — I as
5,(0) = Plg:(B) < g-(0)],  bel

This quantifies the departure of g, from monotonicity. When g, is strictly monotone, 7.(b) = b.
Otherwise, 7, exhibits variations reflecting those of g,. Part (i) of the next result shows that a
test of Hy has power if and only if there exists 7* such that A[b : 7;(b) = 7...(b)] < 1, where A
denotes Lebesgue measure. This holds with 7 = 2 when §; is strictly monotone and go is not
strictly monotone on a set of positive A—measure. Equivalently, the test has no power if and only
if all the 7, ’s coincide, except possibly on a set of A—measure zero. This occurs when all g,’s are
strictly monotone. It also occurs when g(z, -) does not depend on z, a case ruled out in Theorem
8.1. Other examples exist, but these are exceptional; we conjecture that they are shy.
In part (ii), we drop the requirements that X 1 B and ¢ L B | w.(X). Now we write

Y, = 5-(B) = .(B) +2.(B),

and we define the functions 4, : I — I as

5,(b) = Plg-(B) < 3-(0)], bel



Here, 4. measures the departure of g, from monotonicity. Non-monotonicity may come from g,
from &., or both.

Thus, maintaining X | B and ¢ L B | w,;(X) enables study of the monotonicity of the g,’s
in isolation. Dropping this introduces generic non-monotonicity into g, as &, is then no longer
constant and is thus generically non-monotonic. (Recall the shyness of monotone functions.)
Further, the failure of X | B generally introduces non-monotonicity into g,. For example, take
w,(X) = 1, and suppose that g(X, B) = X + B and that X } B holds because X = —B? + 1,
where n L B. (This choice is illustrative, as the relation between X and B is generically non-

monotonic.) Then

g-(B) = E(9(X,B) w(X)|B)=E(X +B|B)=E(-B*+n+B| B)
= B(1-B)+ E(n).

Thus, although g(z,-) is monotone for each x, g, is not monotone. Of course, if we instead have
X = B+, then g,(B) = 2B + E(n), so the failure of X | B is not guaranteed to induce
non-monotonicity in gr. Such cases are exceptional, however. Moreover, when X } B, the role of

wy(X) in defining g, (B) further reinforces its generic non-monotonicity. B

Theorem 8.4 Suppose Assumption C.0 holds with {Xy, e} identically distributed. For T > 2,
let w, : X - RY, 7 =1,...., T be as in Lemma 8.3. Suppose that E(g(X,b)) < oo for each b € I
and that E(e) < oo.

(i) Suppose X L. B ande L B | wy(X), 7=1,..,7. Then P[Fy(Y1) = --- = Fr(Y7)| =1 if
and only if A[b:7,(b) =7,(b)] =1 for all .
(i5) P[F1(Y1) = --- = Fr(Y7)] = 1 if and only if N[b: 7,(b) =7, (b)] = 1 for all 7.

Proof of Theorem 8.4 (i) We have

P[Fy(V1) = -~ = Fr(Y7)] = P[N]o{Fi(V1) = F;(Y7)}],

so the implication rule gives

T
1—-P[F(V1) =--- = Fr(Y7)] <> _ PIF(V1) # Fr(Y2)].
T=2

The first result follows by showing that Ab : 51 (b) = 7,(b)] = 1 implies P[Fy (Y1) # F.(Y;)] =0,
so that P[Fy (Y1) = --- = Fr(Y7)] = 1. Now

P[F(Y1) = Fr(Y7)] = /0 HF1(g1(b) + 1) = Fr(gr(b) + 1)} db.
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Given X L B and ¢ L B | w;(X), &; is constant. It follows that
Fr(g-(b) + &) = Plge(B) + & < gr(b) + 7] = 7,(0).

Thus, for all 7,

PIFy(Y1) = F;(Y;)] = /0 1{7,(b) = 7,(b)} db = Alb: 7,(b) = 7,.(b)] = 1,

where the final equality holds by assumption. It follows that P[Fy(Y;) = F,(Y;)] = 1, so
P[Fy(Y1) # F,(Y;)] = 0, as was to be shown.
For the converse, suppose A[b: 7;(b) = 7.+(b)] < 1. We have

P[F(Y1) = = Fr(Y7)] = 1 = PlU]_,{F1(V1) # F;(Y;)}].

Now

PUTo{F\(V1) # Fr(Y7)}] = P[Ey(Y1) # Fpe (Vo)) = 1= Alb: 71(0) = 7, (b)].

But A[b : 7,(b) = 7..(b)] < 1,50 1 = A[b : 3,(b) = F,+(b)] > 0, implying P[F1(Y}) = --- =
Fr(Yr)] < 1.
(73) Identical to (7), replacing 7, with 4, and dropping &,. B

Lemma 8.5 Suppose Assumptions C.1(ii), C.2, and C.3(i) hold. Then for T = 1,2,...,T, (i)
E(Vrri—Yei)? = O (T7Y); and (i) E|Fr,(Yz;) = Fr(Yz,)| = O (T1/?).

Proof of Lemma 8.5 Noting that Y;; = E[Yiw, (Xu) |Bi] = E[g(Xut, Bi) wr (Xat) |Bi] +
E [eqw, (Xit) |Bi] = G, (Bi)+&, (B;) , we have Yr . i~ Y, ; = T S°F | [g(Xut, Bi) wr (Xit) — G, (By))]
+T S [eawr (Xa) — B (By)] = anri + anta, say. Let iy = g(Xa, Bi) wr (Xit) — Gy (By) -
Then E[ant1) = 0, and E [a3p] = T7'E [Ci7t]2 + 271 ZZZICOV(QJ,Q,HS) =0(T™) as
ZstlcOV (Ci,lafi,us) < HCz’JH;,y Z?;Ot(s)ﬂ’/(%ﬂ < 0o by the Davydov inequality and As-
sumptions C.1(#4) and C.2. Similarly, E [a%+] = Op (T™!) . Thus (i) follows.

41



F(y) — Fre(y)| f- () dy

— /)E 1 ?T’igy}—l{YT,T,iSy}}

fr(y)dy

< [E[i{Fi-v<o} 1 { -y < V- Ve[ Fw)ay
< [ B[ {lyTnil < T~ Vel }] Fr )

= BB (Vi Vi = Veril) = By (Voo = Vs = Vil )|
= 2B [ [ (V) Vs — Vil

< C[B(ri— Ve’ o),

where the first and second inequalities follow from the triangle inequality and the fact |1 {z < 0} —
1{z <a}| <1{|z] <|a|}, respectively; the third equality holds by the Fubini theorem; the next
inequality holds by the mean value theorem , where f/T*Z lies between f/” — |}~/m- — Y7, and
?T,i + |1~/m~ — Yr;.4]; the last inequality follows from Assumption C.3(i) and the Jensen inequality;
and the last equality follows from (7).l

Proof of Theorems 4.1 and 4.2

We only prove Theorem 4.2. For notational simplicity, we only prove the case where 7 = 2.
Let Fr, and fTT denote the CDF and PDF of YTmi, 7 = 1,2, respectively. Let F_’N,T7T(y) =
+ Zfil 1{Y,; < y}. Define

N N

5 . 5 . _ 12 _ _ 5 _ 5
Dyt = Z [FN,T,l(Yl,i) — FN,T,Q(YQ,Z‘)} and Dyt = Z [FN,T,l(Yl,i) — Fnr2(Ya)
i=1 i=1

2

We prove Theorem 4.2 by showing that () D7 — Dy = op (1); (i9) Dyt — Dyr = op (1); and
(ZZZ) DNT — BNT — U —> Zj:l j(ij — ) under H1 ( 71/2) .
For (i), noting that a2 — b = (a — b)? + 2 (a — b) b, we have

N
. . . . . _ . 92
Dyt — Dyt = Z FNTl Yrii) — Enri(Yii) — Fnre(Yra:) + FN,T,Q(YQ,i)}
=1
N ~ ~
+2 Z [FN,TJ(YT,M) — Enri(Y1i) — Enro(Yr2:) + FN,T,Q(YZZ')}
i—1
X [FN,T,I(Y/M) — Enro(Yay)

Onr1 + 2{9NT27 say.
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By the ¢, inequality,

2 N [ L 2
v < 23030 o S [V < Vrrad — 1Ty < Vol
r=li=1 | j=1
2 [ L ) ) o 2
= 4 Z Z N Z [1{YT7‘F:J' < YT,T,i} — Fr: (YT,T,i) - 1{YT,7-,j < Y—r,i} + FTT(YT,i)
=1 =1 L J=1
2 N L
AT Fre (Vi) = Fre(Vr)]
=1 i=1

The first term in the last expression is op (1) because by the stochastic equicontinuity (SE) of the

empirical process N
vy ()= N2y [1{Vrry <} = Fre ()] (22)

j=1
and Lemma 8.5(7), N~1/2 Zﬁvzl[l{?ij <Yr..}-— FTT(YT,M') — WY, ; < ffm-} + FTT(EN/TJ)} =
op (1) uniformly in i. The second term is op (1) because by Lemma 8.5(ii) and Assumption
C.5, S Frr (Yrri) —Fr. (V)2 = 2N, fTr(?T’iZ-V(YT,T,i Y2 <O N (Yrri—Yri)? =
Op (N T_l) = op (1), provided fr- is uniformly bounded for sufficiently large T', where YT*Z lies
between f/m- and YT,T,@'- By the strong law of large number for strong mixing processes (e.g.,
Corollary 3.48 of White (2001)), Y7,; — Yr;i = 04 (1) under Assumptions C.1(ii) and C.2.
This implies that as T" — oo, the limiting support of ?T,m‘ will coincide with that of )7“-. By
the continuity of g, in Assumption C.3(i7), the support of f’.r,i is compact. This implies that
for sufficiently large 7', with probability 1 the support of YT,T,i is also compact, so that fTT is

uniformly continuous on this support and must be bounded.

Let 1,4 = HYrr; < Yrri} — Fr, (Yrri) — Y7, < Y.} + Fr.(Y;;) and Bori =
Frr (Yrr3) — Fre(Yr;) for T =1,2 and i, j = 1,...,N. Let B3,;; = 1{Vr1; < Y1} — Fr1(Y1,) —
1{Yrs; < }72,1} + FTQ(?QJ), and f,,; = Fry (1711) — FTQ(?QZ) Analogously to the proof of Lemma

8.5 and by the triangle and ¢, inequalities, we can show that uniformly in i, j = 1,..., N,
E|517-,7;j| S E’]-{YT,T,j S YT,T,i}_l{YT,T,j S ?T,i}’+E|FTT (YT,T,'L') _FTT(Y/T,Z'” - O(T71/2)7 (23)

and

2
E(Bf;) < 4) E{[Fr-(Yr;) — B (Y2 0)P} + 2B{[F(Y1,0) — Fa(Y2,)]%}
=1

= O(T'+N7') under Hy(N~Y?), (24)
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Now decompose 0] ~NT2 as follows

N N N
Onre = N3 NN (Burgy — Brzgj + Bari — Bozg) (B — Bai)
i=1 j=1 k=1
N N N N N
= N72Y D> (Birg — Brzig) Baan + N7 DD (Bari — Bons) Baan
i= l] 1 k=1 i=1 k=1
N
N~ 122 Brij — Bi2,ij) Bai — Z Bari — Ba2,i) Bui
=1 j=1 =1

OnT21 + ONT22 — UNT2.3 — ONT24, SAY.

Let Onro1r = N2V, Z;VZI Sy BiriiBsx for 7 = 1,2. It is easy to show that InT21r =
OnT2.1-+o0p (1) under H; (N—1/2) , where Onra,1, = N2 Zfil Zj\;l ZkN#,i B1r.iiBs,ik- Note that
E (OnT2,17) = 0, and

N N N N N

E[H?VT2 17' - 422 Z Z Z Z Blrzgﬁ3 zkﬁlﬂ-z] B?)l’k’] :

1=1 j#i k#£j,i1'=1j/#i k#5'4!

If there are five or six distinct indices among {i, j, k,4’, j', K’} , then the corresponding terms in the
above summation drop out. For all other cases, it is straightforward to bound |E[81, ;;83 ixB1+ij
Bs ]| by a proportion of E|By, ;| = O (T*1/2) by the uniform boundedness of 3y, ;; and (3 ;
and (23). It follows that E[G%VTZ,lT] =0 (T_l/2 + N_l) and 1A9NT2,17 = op(1). Then 1A9NT2,1 =
1A9NT2,11 — 1A9NT2712 = op (1). Similarly, we can show that 1A9NT272 =op(1).

Let 1A9NT2,37 = N1 Ef\il Zjvzl BiriiBa; for 7 = 1,2. Then we can show that 1A9NT2737 =
OnT23: + Op(N~Y2) under H(N~'/?), where Onpos, = N~! ZfL Z%Aiﬁh’ij&l’i. Note that

E [GNTZ,?W] =0 and

N N N

E[G?VT2,3T] = N7 ZZ Z E [517,1‘]'54,@'517,@"]‘54,@"}

i=1 ' £i jid!

N N
_ 2
NTEY D E [51r,ij54,i51r,ﬁ54,j + (Brr.iiBui) } :
i=1 j#i
It is straightforward to show that the last term is O (T_l/ 2) under H, (N -1/ 2) . We can bound
the first term by

N N N

NSNS (BB, 80 )) P EBL)EBL))

1=1 4/£5 j#i,3

< CNsup {E ‘51”j}}1/2

B(831) = 0 (N)O(T™0 (T7" + N71) = o (1).
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It follows that 9NT2,37— = op (1) and 1A9NT2737 = 1A9NT2731 — ’&NTQ’:;Q = op (1) . Similarly,

1/2

IN

E \@NT2,4

N 1/2

ZE | (Ba1.i — Baz.i) 64,i| <N {E (Ba1i — 522,i)2} {E (5?11)}
i—1

= NOT 'O 2+ N2 =0(1).

Consequently 1A9NT274 =op (1). Thus, INTy = Op (1).

For (ii) , decompose Dyt — Dy as follows:

N
_ _ . 3 _ B . N _ _ 92
Dyt — Dy = Z [FN,T,l(Yl,i) — Fyri1(Y1,:) — Fyoe(Ye,) + FN,T,2(Y2,Z‘)}
i1
N

+2 Z [FN,T,l(Yl,i) - FN,T,1(5~/1,Z') - FN,T,2(Y2,Z‘) + FN,T,Q(%,Z')]
i=1

X [FN,T,I(Y/L@') - FN,T,Q(%,O]
= In71+ 20N72, say.
~ _ - - - 2
Note that dnr1 < 237, 30, [N_l S [ Yrry < Vo) = 1Yy < Ym'}]] = 237,90,

_ - - . 2
+Op (N’l) , where ¥, = N2 Zfil [Zé\;i[l{Yij <Yt —1{Y;; < Ym'}]} . Further,

N N N
197_ = N72 Z Z Z [I{YT,TJ S ?7-71'} - 1{}77'7] S 5}’7'71}] [I{YT,T,]C S ?T,i} - 1{}77—,k S ?7—71}]
i=1 j#i k#1,j
N N 3 3 .
TN Ve < Vea) = 1{Vey S Veid]? = 01 + dra, say.
=1 j#i

By the proof of Lemma 8.5(ii), we can show that F (J,1) = O(N/T) = o(1) and E (0,2) =
O (T7Y%) = 0(1). It follows that E|9.| = E (1) + E (92) = 0(1). So 9, = op (1) by the
Markov inequality, and dn71 = op (1). Analogous to the determination of the probability order

of 972, we can show that Uypg = op (1) . Consequently, Dyt — Dy = op (1).
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Now, we show (ii7) . Decompose Dy as follows

) ~ ~ B . 2
Dyt = {FN,T,I(YLi) - FN,T,2(Y2,z')}

M-

N
Il
—

{ [FN,T,l(?l,i) — Fl(f/l,i) — FN,T,Q(Y/Zi) + Fz(ffz,z‘)} + [Fl(f/l,i) - F2(5~/2@)] }2

|
&MZ

=1
N . 92
= Z [Fl(Yl,i) - F2(Y21)}
i—1
N o N . _ s . . 12
+ Z [FN,T,l(Yl,z‘) — F1(Y1:) — Fnr2(Ya,) + FQ(}/Q,i)}
=1

N
+2Z [FN,T,l(f/l;z) — (Y1) — Fnro(Ya,) + F2<Y2,i)] [Fl(Yl,z‘) — 5(Ya;)
i—1
= Dpnr1+ Dnr2 + 2Dnrs. (25)

By the weak law of large numbers, Dy £t i under H, (N_1/2). Let & = (571,@572,0, and
¥ (&,8) = 1{Y1; <Y1} — Fi(Yi,) — 1{Ya; < Yo} + F3(Y2,). Then

N [N 2
DNT2 = N~ 22 Z¢ £T7,7£Tj]
i=1 | j=1
N N N N N ,
= N~ QZZZVﬁ Er4:61,7) (‘ST,zHé-T,k)+N_QZZ¢(£T,1‘7§TJ’)
=1 j#i k#ji i=1 j#i
N N
F2N 2N " (& &) ¥ (€0néry) + N 2Zw (eri €72)°
i=1 ji i=1

= Vnr+ Byr + 2RNnT1 + RNT2, say.

Let v (€, &5,6) = [ (€:65) ¥ (& &) + 9 (§55&) ¥ (&5 6k) + ¥ (s €3) ¥ (62 €5)]/3 Then

(N-DW-2),

Vnr =6N"2 > 9 (6,65,6) =
1<i<j<k<N

where Vyr = WZKKJ‘GSN{# (gi,gj,gk) . By the Hoeffding decomposition, Vyr =

3HG) + HY)., where
_ 6 _
Hﬁ%zm Z ¢2(§iafj)> H]({;i)TEN(N—l)(N—2) Z ¢3(fiafja§k),
1<i<j<N 1<i<j<k<N
1_#2 (€l7§j) = %f‘ﬁ (5751) T/J (575]) F‘(dé-) ) &3 (€i7§j7£k) = Q_ﬂ (é-i?gj:é.k) - {bQ (5175]) - {pQ (gzaé.k)
—hy (§j,£k) , and F denotes the CDF of ;. It is standard to show that HJ(\?)T = Op (N_3/2) .
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Thus, VNt ={1+0(1)} HnT + Op (N*1/2), where

¥ Y [eeavies) Fuag

1<1<]<N

is a second order degenerate U-statistic. By Serfling (1980, p.194) or Proposition 5.2 of Chen
and White (1998), Hnr < P )\j(ZJ2 — 1) where {Z;} is a sequence of IID N (0,1) random
variables, and {);} is the sequence of nonzero eigenvalues for [ (&, u) (&,v)F (d§). Next,
Ryri = N72X0, ST 00 (6, €) % (6,65) = Op (T7Y2) and Ryre = N72300, 9 (€,6,) =
Op (N7'T~1) = op(1). Consequently Dyr2 — Byr LA PPV (ZJQ — 1)

Letting x (£;,¢;) = [1{V1; < Y1ii} — Fi(Y1i) — 1{Ya,; < Ya,;} + Fo(Y2,)|on12(Y14, Yau), we
have

Dnrs = 3/2ZZX £i,&) +N” 3/2ZX € &)
i=1 j£i

It is easy to show that the second term is Op (N_1/2) . Let Ry = N—3/2 Zfil Zj\;lx (§i,§j) .
Then E (Ry) = 0 and by the Holder and ¢, inequalities,

N N N
ERL) = NP3 S Ex(6.6) x (60.6,)] + O (N7
1= 1z’—1]7éll
< ZZZE[ (6:6)°] +O (N
i=1 j#i
N N ) ] ] o, o
< 2N—QZZE{[1{YM’ <Y - 1{Yy; Sym}} 5?\[71,2(}/17“}/271')}
i1 j#i
+2N QZZE{[FI (Y1) - Fz(f@,i)r5%,1,2(371,1,572,@-)}+O(N—1)
i=1 j#i

= 2Rn1+2Rn2+ O (Nfl) , say.

By the dominated convergence theorem (DCT), Rya = o (1) as [F} (Y1) —Fy (}7271-)]2(5?\,71’2 (Y14, Ya,) —
0 a.s. under ﬁl (N_1/2) . For Ry, we have
Ryi < E [ll{f’m <Vi1}—1{Yas < Y’2,1}‘|5%\r,1,2(571,1,372,1)}
= K [!1{151(371,2) < Fi(Y10)} — 1{Fa (Vo) < Fo(Ya1) o 1.2(Y1, Y2i1)

B [1{|F(Y1,2) - Fi(Fa0)] < law[}o%1 211, )|

— 0,

IN

where ay = Fy(Y12) — Fo(Ya2) — Fi (Y1) + Fo(Ya) = N7V2[6 51 2(Vi2, Yo 2) +0n,12(Y11, Ya));
the third line follows from the fact that [1{z <0} — 1{z < a}| < 1{|z| < |a|}; and the last line
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follows from the DCT. Consequently, Ry = op (1) by the Chebyshev inequality and D73 =
op (1). We complete the proof of (iii) by noting that Byt — By = op (1) under H, (N_l/Z)

follows easily. B

Proof of Theorems 4.3

Again, we focus on the case 7 = 2. Using the notation in the proof of Theorem 4.2, it is
easy to show that Nfl(DNT — DNT) = op (1) and Nfl(DNT — Dy7) = op (1) under H, (1).
Further, N"'Dyr = N~ 'Dy71 4+ op(1) = N1 Zfil [Fl(f/m) — F‘V‘Q(?Q’i)]z +op(l) = p+
op (1), and N-'Byr = Op (N_l) . Consequently, N~ ' Jyr = N_l(ﬁNT — BNT) = N"'Dynr +
N1 (f)NT — DNT) +N_1(ZN?NT — Dn7) — N-1Byr = w+op (1), and the conclusion follows. W

9 Data Appendix

This appendix contains two tables. One is for the list of the 50 S&P500 firms used in Section
6.1, and the other contains the summary statistics for the 70 city-retailers over 156 weeks used in

Section 6.2.
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Table A.1: List of the 50 S&P500 firms used in the sample

Ticker symbol

Company

GICS Sector

ABT
AGN
AMZN
AN
BBY
CAM
CBE
CINF

MOLX
MTB
MYL
NBL
NWL
ODP
PSA
SII
SRE
STJ
STT
SYY
TGT
THC
VLO
VNO
WDC
WMB
WPI

YHOO

Abbott Laboratories
Allergan Inc
Amazon Corp
AutoNation Inc
Best Buy Co. Inc

Cameron International Corp

Cooper Industries Ltd
Cincinnati Financial
Clorox Co.

Cisco Systems

EMC Corp

Flowserve Corporation
FMC Corporation
Genzyme Corp.
Grainger (W.W.) Inc
HCP Inc

Home Depot
Helmerich & Payne
The Hershey Company

International Bus. Machines

Intuit Inc.

Invesco Ltd

Johnson Controls
JPMorgan Chase & Co
KLA-Tencor Corp
Limited Brands Inc
McDonald’s Corp
McGraw-Hill

Altria Group Inc
Molex Inc

M&T Bank Corp
Mylan Inc

Noble Energy Inc
Newell Rubbermaid Co.
Office Depot

Public Storage

Smith International
Sempra Energy

St Jude Medical

State Street Corp
Sysco Corp

Target Corp.

Tenet Healthcare Corp.
Valero Energy
Vornado Realty Trust
Western Digital
Williams Cos.

Watson Pharmaceuticals

United States Steel Corp.

Yahoo Inc

Health Care

Health Care

Consumer Discretionary
Consumer Discretionary
Consumer Discretionary
Energy

Industrials

Financials

Consumer Staples
Information Technology
Information Technology
Industrials

Materials

Health Care

Industrials

Financials

Consumer Discretionary
Energy

Consumer Staples
Information Technology
Information Technology
Financials

Consumer Discretionary
Financials

Information Technology
Consumer Discretionary
Consumer Discretionary
Consumer Discretionary
Consumer Staples
Information Technology
Financials

Health Care

Energy

Consumer Discretionary
Consumer Discretionary
Financials

Energy

Utilities

Health Care

Financials

Consumer Staples
Consumer Discretionary
Health Care

Energy

Financials

Information Technology
Energy

Health Care

Materials

Information Technology
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Table A.2: Summary Statistics for 70 City-Retailers, 156 Weeks

Mean Median StDev Obs

G MILLS CHEERIOS BOX 1507 Mkt share 0.026 0.018 0.024 10920
Price 3.466 3.416 0.707 10920
Promo 0.107  0.000 0.158 10920
KELLOGG FROSTED FLAKES BOX 200Z Mkt share 0.020 0.012 0.025 10920
Price 2.854 2.744 0.747 10920
Promo 0.110 0.012 0.149 10920
POST HONEY BUNCHES OF OATS REG BOX 160Z Mkt share 0.015 0.010 0.015 10920
Price 2.956 2.892 0.695 10920
Promo 0.098 0.000 0.144 10920
QUAKER LIFE REGULAR BOX 2107%Z Mkt share 0.012 0.009 0.010 10920
Price 2.839 2.804 0.585 10920
Promo 0.036  0.000 0.099 10920
STR BDS RAISIN BRAN BOX 2007Z Mkt share 0.013 0.010 0.010 10920
Price 1.798 1.802 0.383 10920
Promo 0.033 0.000 0.086 10920
Wage 832.5 8125 125.4 456
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